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KH6NG-GIAN 

Lop De-Nhi A 
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dit&ng sAng xuAt - bAn 
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L&I Ndl bJu 


T, 


Rlf&C BAY, hai lap Di-nhi A (Khoa-hoc Thxrc- 

nghiem) va Be-nhj B (Khoa-hoc Toan) citng theo m6t chirang- 
trlnh H'mh-hpc Khdng-gian, chi khac nhau a mdl dim la cac 
bai tap cho ban A nhe han ban B. 

Theo tinh-thdn chwang-trinh m&i, mon Toan cua lap Be 

nh [ A n Shieng h&n ve Bqi-s3 va Lxrang-gidc. PMn Hinh-hpc 

khdng-gian van cbn ; nhirng neu dpc ky chwang-trinh, ai cung 

nhan thay ngay do la chwang-trinh H'mh-hoc cua Be-nhi C 
khi trwac. 

Btrprc may-m&n theo roi cac cudc thdo-luan Irong viec stra 
doi chwang-trinh va co trach-nhiem giang day a nhieu lap B& 
nhi A, B, C trong nhirng nSm g'dn day, chung tdi da so-sdnh 
ky-lwang nhirng khuynh-hwang cua chtrang-trinh va trinh-d (5 
cda hpc-sinh ba ban A, B, C. Vi the, khi scan cu3n sdch nay 
cho lap Be-nhi A, chung tdi theo nhirng y-kien chinh sau day : 

/. PhSn-phoi cWng-trinh tMnh 19 Mi, Mi ngan 
thi giang trong 1 gio, bai dai thi giang trong 2 gicr. 

2. Liroc bo-t nhirng ch6 phu-thuoc, chi nhSn manh 
v&o cac diem chinh. 


3 . 


Bat mot so Mi tap vira phai vi ttro’ng-dfii de 
tuy-nhien, khong coi trinh-d? ve Hinh-hpc cu 
hoc-sinh Be-nhi A (mo-i) n hir Be-nhj C (cu). 
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4. 














Giai mot vai bai toan sau moi bai de _ 

(nhat li cac ban tir hoc) xem them, hau bu dap 
mot phan nk> so gib toan lt-6i (4 gib) cua ban A. 









5. 














• • - 

Chu-trong den phep tinhnhieu ph'n nio hay, phan 

ay de hoc-sinh irng-dung nhirng dieu da hoc & 
Dai-so vi Lirong-giae (chung toi da cho in tiep 
cuon Bai-so-hpc de theo duoi ir.uc-dich ay). 






Chung tdi hy-vong ring siy cfi-gdng cua chung tdi se lam 






^flung tci hy-vong rai 

ben dir rye then-gib- chip bai cua cac em hoc-sinh trong Urp va 

mong ring Ibng yeu min cua cac dbng-nghiep va dfc-gid se thl- 

hiin b&ng nhirng leri phe-binh quyJtdu ma chung tdi xin chan- 
thanh edm-ta trvr&c . 
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CHIT (TNC-TRlNH 


H^nh-hoc khong-gian 

BE-NHI KHOA-HOC THIJC-NGHIEM 


\»— Mijit phlng va dircmg thing. Cachxaodjnh ; vi-tri tkdoi. Nhirng dtrcrng 
thing va m$t phang songsong. Gtrcrng thang va myt phang vuong 
goc. Goan thing goc va doyn xien phat-xuat tir myt diim tori mdt myt 

phlng. 

Goc nhj-dien ; mat phang vuong goc. 

Ojnh-nghia m^tgoc tam-diyn. 

II.— Phep chi£u thing vao m$t m^t phlng i hinh chitsu cua m^t dilm, cua 
mdt doan thing, cua m$t dtrcrng thing. 

Goc c6a m#t dtrcrng thing va m$t mat phlng. 

Gjnh-nghia phep dokxirng qua mot dirdrng thing, qua mdt dilm hay 
qua m§t m^t phlng, Ojnh^nghia tryc, t&m hay mat phlng dokxirng cua 
m$t hinh. 

HI.— Ojnh'nghTa khoi bmh-hanh (hinh h^p xien), hinh lang-tru, hinh thap, 
th^tich cua khoi chir^nhft <hinh hdp chCr-nhdt). 

Cdng-thirc (khdng hyc each chirng-minh) dl tinh the-tich cua hinh fang- 

try, thi-tich eda hinh thap. 

Diyo-tich xung.quanh eda hinh lang*try thing vl cua hinh thap 

dlu-d^n. 

IV. — Ojnh-nghia m$t m$t try va m$t m$t non co dtrcrng chuln tron. Hinh 

try v! hinh non tron xoay. 

Cong^thirc dl tinh diymtich xung-quanh cua hinh try v! cua hinh 
non tron xoay (khdng chirng-minh). 

Cdng-thirc dl tinh th^tich cua hinh try va cua hinh non tron xoay 
(khong chirng-minh). 

V. — Hinh du, sir brorng giao vdri m$t dirdrng thing. Ti£p*tuy£n cua hinh 

du. Thi^diyn phlng, mat phlng ti€p~xuc. Cach djnh m$t hinh du. 

OjnhmghTa hinh try va hinh non ngoyi-tiep vdri myt hinh du. Cong 
thirc d! tinh diyn-tich va thl-tich hinh du (khdng chirng*minh). 


Trich n Chirvng-trinh Trung-hoc » 
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Duong filing va mSt piling 


1 . BAI-CUONG. 

1.1. DtrtyNc thAnc. vA mAt phAno. 

a) MOt. H(^l d.ly clng thing II h\nh ink cua mOt dirfrng thing, Fa 
cting-nhdn ring; qua hwl dllhii, <•<*> mOt cluing thing v»‘» <*hl mQt th6h 

MOt dmVng thing kliAng cA M dliy nhirng dll v6-h#n. 

MO* dirAng thing cA thi trtrpt vi quay trftn chlnh nA. 


b) MOt mijt turA’C timing yln-ljng II h\nh~ 

dnh cua mOt mQt phing. I a cAng-nhQn ring : 
khl m$t dirfrng thing cA hut dlUm <V trong 
inftt phAng till nl holn-toln <V trong mAt nA. 

M(it mjt piling cA thfc triryi vl xoay trfcn 
chlnh nA, 



//hi/. 1 


M.Jt phing kliAng cA l>3ft illy nhirng rOng vA-crtng. 


MOt m|t piling dnvc biiu-dlln bSng mOt hlnh chft-nhjt. NA 
rOng vA-chug nhirng ta chi v<* cA th^. Nliln nghl£ng, hlnh difi-nhjt 
thlnh hlnh b\nh-hbnlu 


t. v| iRi cua mOt DirfrNO iiiAng i>6i v6i m<>i mAi piiAng. 

a) Ta da nAI: ntu mOt diriVng thing cA hai dltm A t trong mOt 
piling till nA holn-toin iV trong m#t dA. 

b) Khl mOt diriVng thing chi ci rnft diPm cluing dOc nhSt vAI mOt 
m|t piling, ta nAI ring nA cAt in.Jt piling hay nA xuyfln qua rnijl phing, 
vl tn$t phing dA clt dir&ng thing llin hal turn, mil mhi d* mfit btn 
cua m#t phing. 











c) Mot mat piling chia khctag-gian lam hai nira khdng-gian. Neu 
lay mot diem A & ben no, mdt diem B o' ben kia roi ndi AB thi duxrng 
thing AB xuyen qua mat piling tai mot diem va chi mdt thdi. 

d) Khi mot dtrcmg thing va mot mat phang khong c6 diem nao 
chung (dil keo dai bao nhieu chang nira) ta n6i rang dircmg thing song- 
song v6i mat phang. 


2. CACH »IHH M0T MAT PHANG. I.: | 

1. 5. CONG-LY. - S| 1 

Ta cdng-nhan dieu sau day : 

(f Qua ba difem A, B, C khong thling hang, eo mot mat phang ». 

Khi cho AB co-dinh, C liru-ddng thi moi vj-trl cua C cho ta mdt 
mat phang. Vdy qua hai diSm A. B, eo vd-so mdt phlng. 

* . S I 

1. 4. OINH-L'f’. 

mot thdi b£ * d em kh6n9 th ^ n 8 h ang. eo mot m£t phang va ehi 

Ta hay chung-minh rang neu hai mat phang 
P va Q co ba diem chung A, B, C khong th&ng 
hang thi chung trung nhau (h. 2 ). 

dtrcrng thing AB va AC c6 hai dilm 6- 
tren P nen hoan-toan nam trong P. Vi ly-do 



Hmh 2 


tu-crng-tu', AB va AC cung nam trong O Lav a ** * 

y r01 ke m<?t iwn S thing dung trong P vlclt AR A r r , ° J 

viE. Vi AB, AC i„g „„ n g Q AC . ‘“;‘T "T 

Do 06 dirong thing DE va M cong g, q ' C “” 8 ° <ren ' 

Bat or diem M nao cua P cune 6* tr£n n + i' -n ^ 

nhau. Noi khac di hn di% iu~ t* Q> tire la P, Q trung veri 

Knac ai, ba diem khong th&ng hang dinh dir nr 

va chi mdt thou S * * 72 aw ? c m $t ph&n% 

1. 5. H$.LU£n 1. 

PhSng va chi mdrthdi hlin9 Va dii5m n 0°&i, eo mot mfit 
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II 


V t V'V ‘ ' I r * . , a m 

In 

xi '• ,,>4 f- § '% 

Col m(H dlcm C cV ngoil dinVng i:h$ng 
D (h, J). LSy hal dlcm A, B trfin D. Ba 
dlim A, B, C khdng thing hing djnh duvc 
mQt m$t phing &$c-nh&t P. P di^ng dlcm C 
v\ dmVng thing D. 

U ■' ■ ' r ' - . ' ;i * 


Qua hal thing d<$ng~quil c6 mQt ni$t phing vi chi mQt 

tb6l. 

Gpl dlcm chung 1A A, Uy m0t dlim B trfin 
utidiig thing thir nhit, rnQt dlSm C trfin dirtVng 
thing (InV nhl, r&i chtrng-mlnh ttro'ng-tvr nlnr 
tr£n (h. 4 ). » 

A himg tiifoi Iiqc Irdn la cho la ha cdch sail 
nay 4$ d\nh mft m$i phting: 

Tn d|nh mQt mAt phing biinn i 

— Bn dlftm khing thing hiiig. 

- NlQt dird'ng thing vi niQt dilSm 6* 
ngoAl dtrcrng (16. „ 

— Hnl du'd'ng thing dting-qul. 

$ 

Chu y. N£u hni dirfrng tiling kh6ng cting 
6* trfin m0t m$t phing,.-ta n6i ring chung 1;\ hai (tirfriig lilting bfit-lcy (lu 5). 

i i 

3. SI/ TU'O'NG-GIAO CUA HAI M^T PHANG. 

1. 7. OINH-LV'. 

Kill hnl mAt piling phAn-blflt c6 mil: dlfem chung A till chung c6 
mQt dird*ng thing chung dl qun A. DmVng thing d6 dir pc g 9 l IA 
glno-tuytin liny dird'ng tiro'ng-glno cun hid mi)t piling. 

X6t hnl m$t phing P, Q khic nhnu. Gli-str chung c6 mQt tiihw A 
chung. Ta hfty chtrng-mlnh ring: 





1 . 6 . H$ IUAn «. 











1- Hai mat phang P, Q co mgt dirorng thing chung. 

Tren mat phang Q, ta ke hai dircrag thing 
khong dac-sac xAy, x’Ay’ ( h. 6). Gia-sir hai 
dir crag thing do khong dirng trong P. Nhtr the 
moi dir'crag bi P chia la hai mra, moi ntra 
o’ mot ben P. Gia-sir Ax, Ax' cimg & ve mot 
ben. Lay tren Ax mot diem khong dac-sac M: 
lay tren A y’ mot diem khong dac-sac N. NSi 
MNjMNxuyen quaP tai mot diem B khacA. Hint, 6 

Vi hai diem A,^ B 6 tren P vl cung 6- tren Q nen dircrag thing AB vira 

lung choTva" T ^ ^ * **“! *** ** 14 *** 

chung 2 ;^’' <, ’ r " n9 th4nS AB r8 ' h0i -* P ' O «<ha n g c^n dii m n4o 

nira l^VrS ^ ” ?t phlag P Q <*» co diem chung thtr ba 
diem fB a ?khTi^ gthlngAB ^ Chdng tr ^ nhau, vi ba 
Bieu d6 trli vo-i gT/thig^vi ^ ^ ^ “** phing th6K 

b -—- as ttZSZ'XSL 2 *ZXZ 

1.8. LOT DAN. 

nhau^^^S^mt?^ ’*** ^ Mng h “ g v« 

mat phlng phan-b jt § Amg 14 ^ di ™ ^ung cua hai 


4. CACH phat-sinh MAT phang. 

T - 9. fACH THU- NHAT. 


Co ‘ * ia„g D, Vi D 2 dong-c 

s : z‘d^ ** d “'“-‘t 

B au-a vao D, va D 2 tai hai diem kh 
nhau thi n6 phat-sinh ra mat phlng P la m 

D la mt phdng P (h. 7), 9 y a 









1. 10. CACH THU* NHI. 

Coi mot diro-ng thing D v* mot diem A 
a ngoai. Khi mot dircrng thing Ax liru-dong 
nhirng dtra v&o D thi n6 phat-sinh ra mat 
piling P, la mat dinh bcri D v£ A. N6i khac di. 
quy-tich cua Ax la mat phdng P (h . 8). 

Sau nay, ta c6n hoc them vli each phat-sinh mat phang nira. 

5. HiNH THONG-DVNG. 

1. 11. TAM DIEN. 

Tam-diin hay goc tam-diin hay goc ba mat 1& hinh ho*p bod ba nu*a 
dirang thing phat-xuat tir mot diem, khong cung nam trong mot mat 
phang, doi mot 1A lim thanh mdt g6c loi. 

9 

Trong tam-dien Oxyz : O goi 1 k dinh; Ox, O y, Oz goi li ba canh; 
xOy, yOz,zOx goi 1A ba mdt. 

Neu ba mat deu la g6c vuong ca thi ta c6 mot tam-diin ba 

goc vuong. 



Hinh 8 


1. 12. TLTDIEN. 

T&-diin hay kK6i btin mat \d mdt hinh thap day tam-giac mb ta 

da gap cr lerp dirod (h. 9 )♦ ^ 

Neu bon mat cua tijr-dien li bon tam-giac deu thi ta co mdt 

tir-dien deu. 

1. 13. HiNH CAll. 

Hinh c'du lb quy-tich nhirng diem cr trong khdng-gian each deu m$t 
diem co-djnh, g<?i lb torn. 



Hinh 9 

Ta c6 the coi hinh cau lb m$t hinh trbn xoay giy bod m$t v6ng tr6n 
khi n6 quay quanh m$t dirdmg kmh (A. 9). 











bAi tap 

1. 1. Cho mgt tam-giac ABC ve mpt m$t phang P kh6ng ch&a 4, B, C. Gia~sCr AB, 

BC, CA cat m$t P t?i O, E, F theo thirty. Ch&ng*minh rang ba diem D, E, F 
thSng hang v&i nhau. 

1 . 2. Cho mpt do$n AB & ngoai mpt m$i phSng P. CpI S /a mpt diem lu-u-dpng 
trong khong.gian. Ci^str SA, SB cSt P i 9 j C, D theo th*~t V . Ch&ng to ring 
thv'd'ng thwd'ng dw&ng thing CD di qua mQt Mm co^djnh. 

1. 3. Cho mot tam.giic ABC, mpt mjt phing P cS-djnh. Cpi Sid mpt Mm ivu-donn 
, trong khong.gian. Cia-su SA, SB, SC cat P tgi A', B', C' theo thCr-tp. Ch&ng-to 

rang mo, du&ng thing A'B', B'CC C'A' thu-dngthu-dnq di qua mpt Mm cd.djnh. - 

'• 4 - H l y , VS n^L 9 f" 9 d> 9Ua ** Mm ° cho rfn vi Cit bai thing 

bat-ky Di, Do cho sen. y g 

Hay ve mpt du&ng thing cat ba ducrng thing bat-ky D\, Dj, D 3 cho aim ' 

1. 5. Trong mptmit phing P cho hai dud-ng thing Ox, Oy. Mpt dudng thing D cit 

(I, oSyi'd Oy) Ch- I 7 $ " 9 Cd \ D - ^ VB 9ia °' tUyin ^ h3i ph3pg 

° yX Chlrng - t0 rang atao-tuyen do nim tren mpt mjt phing cS-d/nh. 

1. 6. Cho hai dudng thing co-djnh Ox, Oy d trong mpt phing P. Cpi M, N la 

dt Ox, oZZ^P.r Q " "* ^ ^ ^ 

1- Ch&ng,to ring. EF di qua mpt diim co-djnh. 

2. EN cat EM if! D. Quy.tkh cua diim D. . 

1. 7. Cho mpt hinh tis-dUn SARD C.*; n p r /v , 

cgn OMUL. Lqi D, E, F la trung.ditm cua AB , BC, SA. 

SDC, BFC^ 9la °' tUyen SH Cua ha! m * ( SDC - SAE va giao.tuyen Cl cua hai mjt 

2. H nam trong m(t ABC, I nim trong m0t SAB ; HS cd cit Cl khong ? Neu co, 

^ °- Ch ^ m > nh ** I" °ong,ong yd, SC. Tinh ti,6 

OS 

1. 8. Cho mQt h)nh t&edien ARCH /#•*, r 

+ CU-S& EF khong aong.song vIZbC ^ ! f AC1 G BD. 

I T ‘ m giao4u yen cua hai mjt phing EFC vi BCD 
■ Tim giao-diim cua AD yi CD ydi m$ t phing EFC. 

1# 9 * Cf)0 mot hinhtts.dien ARCD CL' *. w 

trung.tuyin (hay mSi dudnq cao"h A- !! ™ S ^ Phing cfinh b&i D ™ 

^ ^ a i 
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1. 10. Cho hai tam+gi^c ABC, A'B'C* theo th&*tif cr trong hai m$t phSng P, Q 
ma giaO'tuyen la Cia^Sfr BC cat B'C' & &;^AC cat AC & ft; AB cat 
A'B'&7. 

1. Co the noi g/ ve ba diem a, ft, 7 ? 

2 . Chirng-to rang A A', BB' cung & trong mpt m$t phang va thirdng cat nhau. 
5. Ch&ng^to rang AA', BB', CC' thirdng dong-qui. 


t o An 


Cho mot goc tam-dien Oxyz. Tren Ox, ngircri ta l&y hai di&m 
A, A*. Tren Oy, ngircri ta I&y hai di&m B, B\ Tren Oz, ngircri ta l&y 
hai di§m C, C\ 

1 . Chtrng-to r&ng BC va B’C’ thircrng c 4 t nhau tai mot di§m a; 

CA va C’A’ thircrng e&t nhau tai m6t di&m ft ; AB va A’B’ thircrng e£t 

nhau tai mot di&m 7. 

• • 

2 . Chirng-to r&ng a* ft, 7 la ba di&m th&ng hang. 


bAi giai 

1. Sir tirorng^giao cua BC va BX'. 

Hai dirong thang BC va B’C' cung 6* trong mat phang yOz. Vi 
the, thirdng thirdng chung cat nhau tai mot diem a. Bac-biet, chung c6 
-the song-song vai nhau. 

[Dung dinh-ly Thales da hoc o' lap 
Be-Tam thi ta biet rang: dieu-ki$n dt co 
va du de BC song-song vo*i B'C' la : 


OB 


OB 


= OC 1 * 

’ oc’ J 


Ly-luan tiro’ng-tu', ta biet rang CA 
va C'A’ thirang cat nhau tai mot diem ft; 
AB va A’B’ thirang cat nhau tai mot 
diem T. 


./ 

. 

'p '/l 

Y / / 

0 ^ 

/A\1 

\Q / & 

\ 

*' \ 

4 

9 V 


Hinh 10 


9. Sy thang h&ng v-)fti7. . „ * 

Ta coi hai mat phang phan-biet (ABC) vk (A’B'C’). 

1 

Birang thang BC co hai diem B, C 6* tren mat (ABC)* nen no 
hoan-toan 6* tren mat d6. a la mot diem cua du*6*ng thang BC nen a 
thuoc vao mat (ABC). 




V 


3 


xi 


,*'• A> 


\ . \> 

yvv 1 


v< 

& 




Si 





















Birdng thing B'C' c6 bai diem B% C* & trSn m£t (A'B f C') ntn n6 
holn-toln 6* tren m$t d6. a Ik m§t diJm ctia dtrdrng thing B'C* nen a 
thu$c vlo m^t (A'B'C*). 

Nhu* th?, a 11 m$t di$m chung cua hai m^t phlng phan-bi^t 

(ABC) vl (A’B’C’). 

Tircmg-ty, vl 7 cung 11 nhirng diem chung cua hai mlt d6. 

Ba dilm a, 7 ctlng vV tren giao-tuyen cua hai mlt phlng phln- 
bi?t ; do d6, chung tiling hlng voi nhau. 


' V 

A . * 






■m 




T 
•- ■ 

v< 

"t. ^ 


. V: '% 


:v K > 


as * •. V ;* -t ■. . .% *: : 

. * ?Z« . ' I 4 41 

' V * 

. *V- V » . ’ ■ . f \ 

V V , ,< y . .* 


. • ■ ■ &* - & • , ‘ - 

\ 

“ 


v*, 1 - Z*S‘> 

' v • i. ' 

.n. 


**• > , 

v‘‘« -sto,. ’fe V5 s : v ..«? ffi&aLf. 
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BtfdPng thing song-song 


fi. 1. D|NH NGHiA. 

Hai dircmg thing dir<rc ggi 1& song-song khi chdng cung 6* trong 
m6t m&t phing vi khong co di£m n&o chung. 

Nho djnh-nghla d6, ta biet ring hai dircmg thang song-song c6 
xhl d|nh diro*c m$t mat phang. D6 li each thir tir dS d}nh mpt mat 
phang ngoii ba cich da n6i 6* bii so I. 

9. fi. VI TRI Ti-DOl CllA HAI OiraNG ThAnC TRONG KHONG GIAN. 

Hai dircmg thang trong khdng-gian c6 th$ c6 mpt trong nhtrng vi- 
tri ti-doi sau : 

— Bat-k^ (tire la khdng cung & trong mdt mqt phing). 

— Cat nhau — Song-song vdri nhau — Trdng nhau. 

Hai diromg thang trong m#t phing c6 th£ : hoac cat nhau, hoac song- 
song voi nhau, hoic triing nhau. 

x % 

fi. 3. D|HH LY. 

Tir mdt difcm lfify & ngoii m6t direrng thing, co th£ ki m6t 
direrng thing song-song vo*i direrng do v& chi m6t thoi. 

DiSm O vi dircmg thang D djnh dircrc m$t 
phang P. Trong P, tir O ta c6 thS ke m$t dircmg 
thang song-song vo*i D vi theo dinh-dfc Euclidc, 
ta chi ke dup’C mot thoi. 

-Trong thijTC-hinh, ta can nho* rang: OvA Do* trong P, ngu tir O, 
ta k& D’ song-song vo*I D thi D’ hoan-toan nim trong P. 

fi. 4. 0|NH-LY, 

C6 hai direrng thing song-song, m&t phing nio cit direrng no 
thi cit ci dirirng kia, 
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Gia-str hai dtrong thang D u D 2 song-song vdi nhau v& 
P cat Dt 6* A, Ta phai chtrng-minh rang 
P cat D 2 . Dj va D 2 dinh dtroc mot mat ^^ Q 

phang Q, khac P. P, Q co diem A chung, \ 

nen co giao-tuyen Ax : Ax & trong P, Ax I \ 

cung o' trong Q. Theo mot dinh-ly 6* hlbh / 

hoc phang, irng-dung vao mat phang Q, L~— —W— 

Ax da cat Dj phai cat ca D 2 tai mot diem 
B, Do la diem chung cua Do v& P. 


; D 2 p hhong c6n diem chung nao nu*a vi: Neu 
mot diem chung thtr nhi, thi D 2 nam trong P. Nhtr th 
nhau vi Dj cung nam trong P, dieu do trai voi gia-thiet 


2. 5. OINH LY. 

Hai dircrng thang cung so 
song-song v<H nhau. 

Gia-su* hai dircmg thang D 


a) Ta hay chirng-niinh 
tren mot mat phing. Ta lay 
Goi P la mat dinh bed D, va 
cat lu6n D, (2. 4 .). Clt D ;t 
chua D] dong-thoi cat D,. 

chtra Do. 


l-minh i4ng Dj vi D 2 khong 
1 va D, c6 mot diem chung M, 
g voi D 3 . Vo-ly (2. 3.). ! Vay 


co di&m chung. 
ta c6 the ke hai dirang sc 
h6ng thS c6 diem chung. 

lai, Dj va D 2 cting trong 
'° d ^h-nghia, chung song 


d V* n 9 hai dircrng th&ng 
hai dircrng th&ng d6» 
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Coi hai dtrfrng thing song-song D 1# D 2 , 

Gia-su* m?t phing P chira Dj, m$t 
phing Q chura D 2 ; P vi Q cit nhau thco 
dtr&ng A (h. 14). 

Ta hay chung-minh rang A song-song 
vM Dj (ho$c D 2 ), 

Lay m6t diSm O trSn A, roi k£ Ox song- 
song v&i D t ; nhtr th£, Ox cflng song-song 
v6i D 2 (2. 5.)* O o' tr£n P, Ox song-song v64 D, ntn Ox & trSn P.0 6- 
trSn Q, Ox song-song v6i D 2 n£n Ox 6* tr$n Q. Do d6 Ox 1& dirdrng 
thing chung cho P vi Q. Ox ching qua li gi^o-tuy£n A v$y. 

bAi tAp 

, t 

2. 1, Cho hai (firing thing D\, D 2 va hai dir&ng thing b8t~ky D3, D 4 . HSy vg m$t 
dw&ng thing g$p ci b6n dird'ng dd. 

2. 2. Cho hoi dir&ng thing Dj, D 2 va m$t diim O. C6 thi ndi gi v& giaoAuyin cua 
hai m$t phing (O, D\) va (O, D^) ? C6 vipc gi xiy ra khi D\, D 2 ddng^qui 
hoi c song*song ? 

2, 3. C6 hai dw&ng thing D\, D 2 bit-ky, cd thi nao vi dirpc hai dird’ng thing Djj, 
D\ song song nhau vi dt,ro vao D\, D 2 khdng ? 

2. 4. Cho m$t hinh tfodipn ABCD. Theo thu-Ay, g<?i trung-diim cua AB, BC, CD 
DA, AC, BD li M, N, P, Q, R, S. 

1 t MNPQ la hinh gi ? Otr&ng ch6o ra sao ? 

2. RQSN la hinh gi ? Dird-ng chio ra sao ? 

# t * « ' V * ^ \ 

Kitdu$n gi vi bo do$n MP, NQ, RS ? 

Phit-biiu m$t tinh-cich cua hinh t&*di$n. 









Goc cua hai diiong thang 


3 . 



3. 1. OfNHLY. 

Hai goe eo nhirng canh song-song eimg ehiSu thi b&ng nhau. 

Gia-str hai g6c xOy ulv c6 canh Ox & la song-song cung chieu, 

canh O y If song-song cung chieu, 

Tren Ox, la, ta lan-ltrot lay OA = IB, 

Tren Oy f Iiyta lan-lirot lay OC = ID. 

V s ' ' | . ; 

Tu , -giac OIBA & mot hinh binh-h&nh 
(hai canh doi OA, 10 song-song bang 
nhau), Suy ra AB song-song vk bang 01; 
tiro-ng-ty, CD song-song vk bang 01, Suy 
ra: AB song-song vh bang CD, ^ 

Do d6, ABDC & mot hinh binh-h&nh va AC = BD, 

Hai tam-giic OAC, IBD bang nhau theo trirang-hop thu* ba, 

Suy ra xOy = ulv , 

3. 9. Hi LUAN 1. 

Hai goc co nhirng canh song-song tr6i chi&u, thi b£ng nhau. 

* ■ % . • \ 

3. 3. H$.LUAN 2. 

Ml «“ ’£«”»* «• •*»» •*»«. 

3. 4. OINH NGHIA. 

1. G6e ctia hai du-d-ng thSng trong khona-aian 14 mA , ♦ 

b6n goe ho-p bi-i hai du-d-ng thAno f ® tron 9 

phdt-xuKt tir m6t difem khdng ddc-sL mJu£?7»° n £ 7? Ch * Sn0 ’ 

g6c nh 9 n). n-go*! ta third*ng chon 
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Coi hnl dirfrng b3t-k^ D t , D a , LSy m$t diJm O n«\o d6 r&i tir O 
k<£ At, A a song-song vM D|, D a thco thir-tt,r (A. /6). 

G6c a hay g6c # g<?l l;\ g6c cua D it D a . Ta thu'frng chpn g6c nh<?n #. 

N£u O x£-d}ch ra cli6 khic, thl tr}-s6 cua 
a kh6ng dfci (thco djnh-ly trAn). 

2 . Hal du'irng thftng dir?*© g9l lft tr \r* 
glao khl g6c cua chting Ift g6c vu6ng. 

i 

Ha! du*ft*ng th&ng dtrpc ggl Ift thftng 
khl chring cAt nhau thftnh g6c vu6ng. 57 





3. 3* OINH.LV 


Hlnh 


16 

V 


C6 hal dirirng thftng song-song, dirirng thAng * nfto tr\rc-glao 
v6*l dirirng thtir nhft't thl cftng tr^rc-glno v6*l du*6*ng thti* nhl. 

_ 1 _'_ I_ % V ' ( ■ Mf , t ( 

Gii-str Dj vft D a song-song vA D a tr\rc-giao 

v6-i Df Ta phii chirng-mlnh ring D 3 trvrc-giao 

v6! D a . Ttr m$t dl£m O Uy trfin D a , ta k£ Ox 

D* I song-song v6i Di, nhtr th£ Ox ding song-song v6i 

5 D a (2. 5.). VI D t vft D a trtrc-giao v<Vi nhau nAn g6c 

D : ,Ox Ift g6c vudng. D6 ding chlnh Ift g6c cua D a 
vft D a . 


D, 



D 


Hlnh 17 


V}y D a trvrc-giao v6i D a . 


bAi tap 

\ 

3. 1. Cho m$t hlnh t&*di$n ABCD. Ggi M , N, L li trung-diim cun nhfrng cynh BC, 
AD , AC. 

1. L(fy M Inm <Jinh , WJ g6c cun MN vh AB. 

\ 

2. LSy N Inm ctlnh, vt gdc cun MN vi CD. 

3. Chirng-mlnh ring t dlSu-ki^n it c 6 vi <til <ti cho nhthng gdc trSn hling 
nhnu li AB ^ CD. 

4. Mu6n cho MLN M m0t tnm-giic vudng gdc vi c 6n (<flnh L)thl din nhfrog 
ctHIU'klfn gl ? 


I 




©u’d’ng thang va mat phang 




4. 1. DfNH-fVGHSA. 

Mot dircrng thang dtra*c goi la song- 
song vd*i mot mat phing khi no khong eo 
di^m nao chung von mat phing do. 

Mot mat phang va mot diro'ng thang 
co the co ba vi-tri ti-doi sau nay: mat phang 
chtra diro'ng thang, cat dircmg thing hay 
song-song voi diro'ng thing (2. 6.). 


song-song von mot mat ph£ng thi 
thSng dirng trong mat ph&ng do. 

Gia-si dircmg thing D song-song 

mat phing P. Ta lay m6t diem O troc 

roi ke Ox song-song v6i D. P V I O; 

diem O chung. Mdt trong hai dieu sau 

Phai xay ra: Hole II P cat Ox ^ O, hoi 
P chtra Ox. 


con mot triremg-hop m l 
song-song voi Ox. m6t A 


rang : khi D s< 
ki diro'ng Ox 


nfeu tir m6t difcm O 
D thi Ox nSm hoan- 
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4. 4. DjNHTY DAO. 

Khi mot duirng thing & ngoai mot m&t phlng va song-song 
voi mot dirorng .I.Ing du*ng trong mot mlt phlng do thi no song- 
song voi m&t phlng d6. 

Gia-su* dircyng D 6* ngoai mat P, va D song-song voi mot diro'ng D* 
dtrng trong P* D va D' dinh dtrac mpt 

mat phang Q. D' II giao-tuyen cua P, / q7 

Q. Neu D cat P thi giao-diem nam tren / ^ /_ 

D', nhir the nghia la D va D' cat nhau, fj t I 

dieu d6 trai voi gia-thiet. / } ® . . ••• *•»—I / 

Vay D khong the cat P, Noi kliac 
di, D song-song voi P. ^ nfl ^ 


L,o tne noi rang : khi D song-song voi P, 
i D va clt P theo D’ thi D song-song voi D 

Dieu nay hay dirox dung trong cac bli toan 


4. 6. PHAT-BIEU DQCNHAT. 

Di£u-ki£n It c6 va du d£ mot dird*ng thing song-song >voi mot 
mat phlng la : Bircrng do o' ngoai mat phlng vl song-song voi mot 
dircrng thing dirng trong mat phlng. 


Khi mot m&t phlng song-song voi giao-tuyfe'n da hai mfit 
phlng cho sin va clt hai mat do thi hai giao-tuy£n mo*i phli song- 
song voi nhau. 

Ta coi hai mat phang P, Qml giao-tuyen 
^ H A. Gia-stir mat phang R song-song voi A vl 

cat P, Q theo dtrong D t , D 2 . Ta hay chtrng- 
^ D minh rang vl D 2 song-song voi nhau. 

\ A song-song v&i R;P chtra A vl cat R 

theo Dj, nen Di song-song voi A (4. 5.). 

Hlnh 21 Ttrong-tu*, D 2 song-song voi A. 

r s J ' 9 * ‘ • J? • • f ,**> i % ' * 

Vfy Dj va D 2 song-song voi nhau vi cung song-song voi A (2. 5.). 





JW9t <wo*ng thang va mot mat pnang 
tuyfe'n song-song nhirng doan b&ng nha 

Gia-str diro*ng D song-song v6*i mat P 
A'. Gia-str D, P cat A 6* A, B ; vi D. 
ig-minh AB = A'B\ 

A vk A’djnh duo'c mot m|t phang Q. 
Ta c6 AA’ song-song vo*i BB' (4. 5.)* 

*1 uvgidc ABB'A 7 1^ mAt hitifi hitih-hitili* 
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BAI TAP 

4. 1. Co hai m$t phing dt nhau P, Q va mpt diim O. Hiy v& mpt du’&ng thing di 

qua O va song-song v&i ci P Ian Q. 

« 

4. 2. Cho hai m$t phing P, Q, giao-tuyin la A« Mpt m$t phing Ivu-dpng. R dt P va 
Q theo D\, D 2 . 

1. Neu R song-song v&i A thi D\, D 2 ra sao ? 

2. Niu Di song-song v&i D 2 thi D\ c6 song-song v&i A khong ? 

# 

3. NBu Di song-song v&i A tA? Di co song-song v&i D 2 khong ? 

4. 3. C/»o hai m$t phing dt nhau P, Q, va hai dtrtyng thing bat-ky Di/ D 2 . 

1. Hiy vS mpt du’&ng thing dpa vao D\ va song-song v&i ci P /In Q ; c6 bao 

nhieu du-&ng nhw the ? 

2. Hiy vS mpt dir&ng thing di/a vao D 2 va song-song v&i ci'P lin Q ; c6 bao 
nhieu dir&ng nhir thi ? 

3. Hiy v£ mpt du’&ng thing dpa vao D\, D 2 va song-song v&i P, Q. 

4. 4. Cho hai nCra du&ng thing bit ky Ax, By, 

1. Qua B, ta vi du’&ng Bx' song-song v&i Ax, Ojnh vj-tri cua Ax d6i v&i m$t 
phing x'By (ma ta gpi la P). 

2. Mpt diim M Iwu-dpng tren Ax, Mpt diim N luu-dpng tren By, Du’&ng 
song-song v&i AB ki t& M cit P & MQu9'tich cua M'. Ch&ng-td M'N song-song 
v&i mpt phirO’ng c6-djnh khi AM = BN. 

3. Vin cho AM = BN, tim qu9*tich trung-diim cua M'N va trung-diim 
cua MN. 

4. 5. Cho mpt hlnh t&-dipn ABCD. Cit nd bing mpt m$t phing song-song v&i hai 
c^nh ddi AB va CD. Ch&ng-td ring thiit-dipn la mpt hinh blnh-hanh. Thiit- 

dipn dd cd thi li hlnh ch&-nh$t dirp’C khong ? 

• * 

4. 6. Cho m$t hlnh t&-dipn ABCD, trong dd AB trpc-giao v&i CD. Cho biH 
Aft = CD = AC = a. Lay mpt diim M tren AC. D$t AM = x. T& M, v2 
mpt mit phing P song-song v&i AB va CD. P dt t&-dipn theo hinh gi ? Tinh dipn- 
tich S cua thitt-dipn theo a va x.tynh x di cho S =m2 (m la mpt dopn cho sin). 

(h) y' ioar <»*'> .0-^fv-s 'di cm mlr-uch iv. 

T O A N 

Hal dir&ng thing bAt-lc^ D vA D’ cit m6t mAt phing P tal A, A* 
theo thfr-tir. Gol A 1A m** thing liru-d6ng song-song v<H 

P, cit D vi D’ lr M, M’ theo thfr-ty. 


A 








A 


(. Chung- mlnh r&ng giao-tuy£n eiia mat phfing P vcH hai mist 
phftng <D, A> vft (O’, A) 14 hni dirdmg song-song. 

2. TiV M, ngircri ta k£ du'dmg song-song vo J i D\ N6 oAt P 0 1 n 
Tun quy-tieh ci'in diwng tbAng MN. Tim quy-tlch oi’ia di<?m N. 

wi n3 * n **’" A <“ — f*" 

bAi giAi 

T Mieo.tuy£n cue mAt phang P v<ri hoi m$t pb&ng (D/A) vA (O', A)* 

Hai mat piling (D, A) v& P c6 mot diem a 

chung A; vi thS, chung c 6 giao-ti£p Au. /V \o 

Mat (D> A) chtra A, the mi A song-song / ! 'y 

vo-i P tlieo gia-thiet, cho nen giao-tuyen j 7 Y \T7 

cua mit (D, A) v 6 i P song-song voi A. ^ j 

Vay Au song-song voi A. MWj 05 


OlM 


* 

P 


vay /iu song-song voi A. H)nh 25 

^ Ch&ng-mihh ttrang-t\r, ta bi£t ring giao- 

tuy ^ n AV cda hai m ? t ( D '> A ) v * P song-song 
|P voi A. 

D’ _ 

rum A "7 , Au v * A>y cCing song-song v6*i A, nen 

/ j chung song-song v6*i nhau. 

/P ! j ■ \7 

I ,. Chu^y. C6 th£ n6i rang: p song-song 

vcri giao-tuy&'n A cfia hai mat <D, A> va 

ijy / 17 P C ^ t hai d6 > n*n giao-tuySn 

ln ^ u ’ ^ v song-song v<H nhau. 

2. Quy-tfch cua dirang thing MN. 

Birong thing MN d V a v4o dtro-ng thing c6-dinh D vi luc nio cung 
song-song v(n D (ta n6i rang phtrang cua MN khdng doi). Vay MN gay 
n6n mat phang « : d6 14 mat phlng chu-a D v4 song-song voi D’. 

Ouy-tich cua N. 

N 14 diem chung cua hai m|t phang Pvl» : Nnlm trto glao-tuvSn 

X AX cua hai m|t P v4 « d6. Khi M vach nSn ca d^ng D thl N vlch 
n€n ca dtro-ng x’Ax : d6 14 quy-tfch cua N. “ 


Hint, 17 













3. Cach djnh cJtromg A di cho M'M ngan nh£t. 

Vi ta luon luon c6 MM' = A'N n&n dieu-kiin 
MM' ngan nhat II A'N ngan nhat. 

Ta ha A'H thing g6c v6*i x f Ax. A'H II vi-tr 
tri-so cvrc-tieu cua A'N* 

C6 N, ta tim ra M bang each ve tv? N 
dvro-ng song-song voi D' : giao-diem cua D 
voi du’o'ng m&i ke d6 II M. Biet M, ta suy 
ra M' bang each ve dtromg song-song v6*i NA': 
giao-diem cua D' voi diromg mo*i ke d6 II 
M'. M'M la dtrong A phai tim. 

Cach djnh diromg A di cho MM' == d. Ta hay 
^ ==: d* Muon th£, trong mat P, ta ve v6ng tr£ 
kinh d. Giao-diem cua V vl x'A* II diem N phai 1 
ra M vl M' nhir da n6i 6* tren. 

Neu d > A'H, bli toan c$ hai 16*1 giai. 

, N£u d ±= A'H, N 6* H, bli toan c6 m6t 16*i giai 
< Neu d > A'H, bli toan vo-nghiem. 


*. 
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Mat phang song-song 


5. 1. 0|NHNGHIA. 

Hai mfit ph&ng du*o*c gpi la song-song khi chung khong e6 di&m 
n&o chung. 

Hai m|t phang co the c6 ba vj-tri ti-doi sau ndy : triang nhau, 
hoac song-song voi nhau, hoac cat nhau ( h. 29)* 


- - , ^ ,. 

1 . 


' Sjr -an 

yjaas 


A//n/» 29 


5. 2. OjNH LV THUAN 

Ngu hai mftt phSng song-song vo*i nhau thi m&t no chvra hai 
diremg th&ng d<$ng-qui, song-song voi mfit kia. 

Gia-su* hai mat phang P, Q song-song veri _—--* 

nhau. Trong P, ke hai dircrng dong-qui Ox, [ / 

Oy. Neu O* cat Q thi di$m chung d6 vvra 6- J 

trong P, vtra o' trong Q. Nhir the li P, Q_—j 

cat nhau, dieu d6 trdi voi gia-thiet ! Vdy Ojc / / 

khong the cat Q. N6i khac di, n6 song-song v6i (O._ I 

Q. Ttrong-tu', Oy song-song voi Q. H?n/} 5Q 

5.3. CHU*. 


' ^xF uf ™ng: «khi hai mat ph&ng song-song voi 

n ^K^ m “ P .1"/ "V* 1 *” hal , dlr ' rn a thing dong-qui, song-song 
vwi hai du-OTig thing diSng-qui cua mat kia». 
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5. 4. D|NH.LY oAo. 

C6 hnl m#t phAng, nftu m$t m^t cluVn hnl dir 6 *ng thAng dftng- 
qul song-song vd*l m^t kin till hnl m^t phAng d 6 song-song v 6 *l nhnu. 

Gli-sir P dura hal dircVng dAng-qul Ox, 0y cftng song-song v<Vi Q. 
Tn ph.ii chtrng-minh ring P, Q khAng cA dlfcm chung. 


GlA-sir P cAt Q thco glao-tuylfn MN. 
Pdu'ra Ox vA cAt Q thco MN, Suy ra Ox 
song-song v<Vl MN (4. 5.). 

P chira Oy vA cAt Q thco MN. Suy 
ra Oy song-song v<Vi MN (4. 5.). 

Nhir th(f 1A ttr mft dlfcm O, ta U di r<yc 
hat dmVng song-song vM MN. VA-ly l (2.3.). 


)N 


Hfoh 21 

VJy P, Q khAng thfc c 6 m$t glao-tuy*n MN. N61 khAc dl, chung song- 

song v&l nhau. 



5. 5. phAt,bi£u oOcnhAt. 

Dlfeu-klfn At c6 vA dA dK hnl m<lt phAng song-tong yfri nhnu 
\i\ i mAt 119 chiVn hnl during thAng dAng-qul song-song vfr\ m*t kin. 


5. 6. D|NH LV. 

TiV mQt dlAm 6* ngoAl m^t m^t phAng, ngiWM tn 06 th« v mQt 
mAt phAng song-song v<W infyt d6 vA ohi in(>t thAl. 

Col dlfcm O A* ngoAl m$t phAng Q. Mu 6 n c 6 m#t P qua O vA 
song-song vM Q thl ta v* OV vA O'y' b trong Q; rAl k* Ox, Oy song- 
song V M OV, O'y’ thco thir-tvr. Ox, Oy d|nh dirpc n^t m*t P. P 
song-song v 6 *l Q thco d|nh-ty dAo A* trfcn, 

NgoAl P ra, khAng c 6 n mjt phAng nAo 
khic dl qua O vA song-song v<W Q. Thjt 
v}y, cd mQt m$t phdnj» P* khdc P 

cilntf di qua 0 v& cttng song-sonn vfri Q. N$u 
p* khAng chira Ox thl 116 phAi oAt Ox. Do 
d 6 , nA cAt luAn OV tuc 1 A cAt Q (2. 4.) 
dlfcu nAy trAl v<Vl giA-thUSt. 
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Vay bat buqc P phai ditto Ox. Tirorng-ttr, P chtto 0 y. 

P ditto ca Ox lan Gy f nhu' the lit n6 tr&ng v6i P. N6i khic 
li mat phang <36c-nhat di qua O v& song-song v6*i Q, 


Quy-tfch nhirng dircrng thing phrit-xutft tii 
song-song y&i m6t mSt phing P 1& mit phing 
song-song v6*I P. 

L Ttit cd nhirng dirirng th&ng phat-xutit tir O i 
deii S' trong Q. 

• 

G<?i Ox, Oy 14 hai dtrdrng song-song v6i P. Chun 
mat phang di qua O v4 song-song vo-i P. VI le ring q 
m$t phlng song-song v64 P, ncn m5t phlng xOy d6 d 
Q. N6i khac di, Ox, Oy n4m trong Q. 

2. B&t ctr dirirng Oz niio ir trong Q 
c&ng song-song v&i P, / 

Hai m5t phing P, Q d3 song-song ^ 

roi, chting khdng c6 di?m n4o chung. Or / 

6- trong Q, vfy Or khong c4t P cung / 

kh6ng nam trong P, nSn Or sone-snn? v m d 


N^'u ha! mfit phing cung t 
thl chung song-song v<W nhau 


SSSSSSSSSMM 



* * 
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Gia-su* hai phang P, Q cftng song- /-x— 

song v 6 *i R. Neu P, Q c 6 m 6 t diem chung /P / ;% 

O tlii tir O, da c 6 nhtrng hai mjt ph^ng P, r- . " r^^SjO 

Q khic nhnu va song-song v 6 *i R. Bilu n*y /Q / 

trai voi djnh-ly trSn (3. 6 .). Vay P, Q kh 6 ng ,- 7 

the c 6 dilm nho chung dirge, N 6 i khSc di, /R / 

chiing song-song v 6 *i nhau. 

Hmh 54 

5. 10. f)|NH4.Y. 

Co hai m&t ph&ng song-song, mat n^o e^t mdt thi o&t c£ hai 
va hai giao-tuyln song-song vo*i nhau. 

a) Gia-su* hai mat ph3ng P, Q song-song v6i nhau v* mSt ph5ng R 
cat P theo AB; ta hay chirng-minh r&ng R cat Q. 

Tren AB, ta 12y m§t dilm O. Neu 
\ R kh6ng cat Q thi R song-song v&i Q. 

A o-7 Nhir ^ ^ m $t dilm ta thi ve 

/p Aai m$t ph£ng kh£c nhau cling 

, \ ~ \n ' song-song v6*i Q, V6-ty (5. 6.). 

^£- . ,/ V|y R vi Q kh6ng thi song-song 

\ VO* i nhau dirge. Chung phai dit nhau. 

Ta g<?i giao-tuyln 1& MN. 

Hmh 35 

b) B3y gid* ta chirng-minh AB song- 
song vo*i MN, AB v& MN edng 6* trong R vk lan-lirgt 6* trong P, Q 
(hai mat song-song) n£n khong c6 dilm n*lo chung, vl nlu chung c6 dilm 
chung thi P Q c6 dilm chung, trdi gia-thiet ! Nhtr thi, theo djnh- 
nghia, AB v£ MN song-song v6*i nhau (cting 6* trong R vk kh6ng c6 
dilm n&o chung), 

bAi tap 

* 

5 . 1 . Cho m$t diim Or m$t Jir&ng thing D vi m$t m$t phing P. H8y v€ mpt <ftr&ng 
thing <fi qua O, d</a va D vi song*$ong v&i P. 



Ik r ' ^ 


1. VS giao-tuyen cua hai m$t phing P, ADF va cua hai m$t phing Q, BCE, 

2. VS giao-tuyen cua hai m$t phing ADF, BCE. 

t 

5, 3. Cho mQt hinh tfr-di$n OABC trong do OA = OB = OC. VS dv&ng phan-giic 
ngoai cua nhQ-ng g6c AOB, BOC, COA. Ch&ng-minh ring ba dir&ng dd cung 
& trong mpt m$t phing. 

5. 4. Cho ba nira dir&ng thing song-song cung chiSu Ax, By, Cz khong cung & trong 
mQt m$t phing. Tren Ax, ISy diSm M ; tren By, ISy diSm N; tren Cz, ISy diSm 
P sao cho AM — BN =■ CP. 

1. Ch&ng-to ring m$t phing (MNP) song-song v&i mQt m$t phing c6-djnh. 

2. Tim quy-tich cua trung-diim cic c$nh va cua trQng-tam tam-giic MNP. 


5. 5. Hai hinh vuong ABCD. ABEF co c$nh AB chung va khong cung & trong mQt. 
m$t phing. 

* ** • V ' 

1. Co the noi gi ve hai m$t phing DAF va CBE ? 

BM 1 

2. Tren doan BD, lay diim M sao cho —■ = —. Tren do?n AE, lay diim N 

B u 5 

, EN 2 Kt 

sao cho — — —. NhChng dw&ng song-song v&i AB, ki tir M, N, lin-hrpt dt AD, 

AF tai M', N'. So-sinh M' , N' v&i FD ve d(> dai va phu , o , ng hw&ng. Ch&ng-minh ring 
MN song-song v&i m$t phing DFEC. 


TO AN 

Cho hai nira dircrng thing bit-ley ctf-dfnh Ax, By. M6t dircrng 

thing D Iiru-dong cit Ax, By M, N. 

! -. , , ' . • : r : . 

1. Lim thi nio v€ diro*c m6t mfit phing P chira By vi song-song 
vo*i Ax? Tir M, ki dircrng song-song vfri AB, n6 cit P 6* M\ Tim 
quy-tich cia M\ 

2. Goi I, d la trung-difem cua MN, M’N. So-sdnh hai vector 
Id vi AB. 

3. Tim qu^-tich cia I yk ctia d khi AM = BN. 

4. Chu*ng-t6 ring mit phing MM’N song-song vo*i m6t mfit 
phing c6-djnh <vin gii-sir AM = BN). 
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«• Cach ve mat phang P chu*a By vd song-song vai Ax. 

Ttr mot diem 6* tren By — 
thf-du 14 diem B •- ta ve Bx’ 
song-song vo-i Ax. By va Bx' M 

dinh dirac mat phang P. Ax - -7\ 

song-song v&i P vi n6 song-song / / \ 

vo-i mot dircmg thing nam °j ~—— 

trong P. r~j / yV] 

Quy-tfch cua M'. V 

Ax v4 Bx’ song-song vo*i / ^ 

nhau, chung dinh diro-c mot mat / * 

phang Q. Giao-tuyen cua P vi L ' 

Q li Bx’. »/, , 


fcitrong song-song vcri AB, ke tir M, nam hoan-toin trong Q. Khi 
dircmg do cat P 6 M' thi M’ nam tren giao-tuycn Bx’ cua P va Q. ■ 

Khi M vach nen nu-a dtxomg thing Ax thi M’ vach nen nira 
du-ang thing Bx’, song-song cOing chieu v6i Ax. Bx’ li quy-tich cua M’. 

2. Vifc sosanh hai vector |Tvi AB. 

Trong tam-giac MM’N, I vi J li trung-diSm cua hai canh NM’ vi 
NM. Vi thg, ta 


Ttr-giac AMM’B li mot hinh binh-hinh vi n6 
ddi m$t. Do d6, ta c6 






Cho m6t tir-giae phSng A BCD. Hal canh AB. CD cat nhau tal E. 
Hai canh AD, BC eat nhau tal F. Go! S la mot diilm 6* ngoSi mAt 
phang eua tir-glAe. Mot mat phang P cSt cSc dircrng thang SA, SB, 
SC, SD tai I, J, K, L theo thtr-tu*. 

1 . Chu-ng-minh rAng i <rBi<Su-kiSn St e6 vS d& d<5 cho Id song- 
song yoi KL 16 i P song-song v<ri SEjd. 

Tim dlSu-klSn St c6 vS dS dfe cho IL song-song v<H dK. 

■ l ’ Ch * i ' ng ‘ t * r ^ ng c ° v S-s6' mSt phSng P ISm cho tir-glSc IdKL 
thanh mdt hlnh blnh-hSnh. 


Khi AM = BN thi AM = BM’. Tam-giac BM’N IS mot tam-giac 
cSn mS day IS M'N. Quy-tich cua J — trung-diem canh dSy M’N — IS 

ntra dtrong thang Bi, phan-giac trong cua goc co-dinh yBx\ 

\ 

Quy-tich cua I. Ta da biet BJIO li mot hinh binh-h^nh. Hai 
diem O, B co-d.jnh. Khi J vach nen ntra dirang thang Bi thi I vach nen 
ntra dtrCmg thang Oz song-song tang chieu vcri Bi. 


(Can-co* viio he-thirc J1 = BO, ta c6 the n6i rang Oz h hinh t]nh- 
tien caa Bi, trong phep tinh-ti&i theo veuo* co-dinh BO). 

4. Phiromg cua m6t phang (MM'N). 


Trong t?m-giac can M’BN (bmh h B), day M’N ltru-dong -htrng 
bao gib* cang song-song vo*i phan-giac ngo6i Bu caa g6c x’By. G6c a: ’By 
co-dmh nen Bu cung co-dinh. 

Coi hai mat phang ABu v6 MM’N. Ta biet AB song-song v6*i MM’ 

v6 Bu song-song v6i M’N. 

* > , •. ♦ 

VSy mat co-djnh ABu song-song voi mat MM’N vi mat thir nhat, 
chita ha: dtrcmg thang dong-qui song-song v6i mat thii’ nhi. 


TOAN 


3. Quy-tich cua J khi AM = BN. 


_ 
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BAl ClAl 


1. Oifeu-kifn at c6 vi <fui ^ cho li songsong v6ri KL. 

Ta coi hai mit phing SAB vi SCD. Chung c6 hal di£m chung li S 
vi E, cho nen giao-tuy&n cua chung li SE, P c£t hai m|t phing SAE, 
SDE theo giao-tuySn IJ vi KL, 



a) Neu P song-song v6*i SE thl hai dirfrng IJ vi KL song-song v< 5 i 

nhau. ' . ^ ■';} $ ' 

b) Bao lai, gia-su* IJ vi KL song-song v6*i nhau, ta hay chtrng- 
minh rang P song-song v6*i SE. 

Hai mat phlng SDE, SAE lan-lirpt chtira hai dtrorng song-song IJ 
vi KL, vi cat nhau theo dtr6*ng SE nen SE song-song v6*i IJ, KL, 

SE song-song v6i IJ, m$t dir6*ng nim trong P nen SE song-song 
v6i P. 


K2t-lu$n : « dieu-ki$n dt c6 vb du d£ cho IJ song-song v6i KL li : 
P song-song v&i SE ». Chtrng-minh tiro-ng-ti^ ta bi 2 t ring : « di$u-ki$n 
dt c6 vb du. Al cho IL song-song v6*i JK li : P song-song v6i SF w . 

2. NhCrng m$t ph&ng P u*ng v6ri nhirng binhhinh IJKL. 

Dieu-ki$n dt cd vb du cho ttr-giic IJKL tr6* thinh hlnh blnh-hinh 
li : IJ song-song v&i KL vb IL song-song v<H JK. 

Nhir th£, P phai song-song v6*i SE vi SF. N6i khic di, P phai song- 
song v6i mit phlng SFE. Ta tlm dirqyc vo-so mit phing P song-song 
v6i m$t SFE, nghia li ta c6 vd-s6 m£t phing P lim cho tu-giic IJKL 
trd* thinh m^t hlnh blnh-hinh. 






Tinh-chat lirgng cua nhtfng 

mat phang song-song 


6. i. oinh.ly. 

Hai m&t ph&ng song-song ch&n tren hai cat-tu y£n song* 
nhtrng doan bang nhau. 

9 jKj ",ii • * iv^ w# # « 

Coi hai mat phang song-song P, Q v£ hai dircrng thang song 
D/ D. Gia-su* D cat P, Q lan-liro't 6* A, B 
v * D' cat P, Q lan-liro't o*C, D, D 1 

Ta phai chirng-minh rang AB = CD (h. 39 ). 

D va D r dinh dirge mat phang R; R cat P. Q ^pAL - 

lan-ltrot theo hai giao-tuyen AC, BD j AC song- 
song vo-i BD ( 5 . 10 ). / 

Xet tvr-giac ABDC. No c6 AB song-song 44 -C 

voi DC theo gia-thiet, va AC song-song voi 
BD* Vay ABDC la mot hinh c_... 


6. 2. OjNH-LY THUAN 


Tmh-chSt tu-png la tinh-chat 
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Hai dirdng thang A” va A' dinh dirge mot mat phang S, Giao-tuyen 
cua S vo*i hat mat phang song-song Q, R la EE' va FFh Trong tam-giac 
DFF', EE’ va FF’ song-song vcri nhau ( 5 . 10 *) Binh-ly Thales cho ta : 

DE' E’F* 


Do d6 : 


DE EF 
AB _ BC 

DE ~ EF 


Neu A, A' dirge dinh-hircmg thi ta viet 


AB _ BC 
DE ~ EF 


Bjnh-ly tren day dirge goi la dinh-ly Thales trong l*hong-gian. 


6. 3. 0INH.LY 0AO. 

N£u nhl&u dirtrng thang dira tren hai eat-tuy£n va dinh tr£n do 
nhirng doan tirorng-irng ti-le thi chung ta cung song-song vo*i mot 
mat piling. 

Ba dtrorng thang AD, BE, CF dtra tren hai cat-tuyen A va A* 
( h. 41 .) Gia-siJ:. ta co : 

AB BC 


DE EF 


Ta hay chtrng-minh rang AD, BE, CF cOmg song-song v6*i mot 
mat phang. 


Lay m6t diem O khong dac-sac. Ke Ox sopg-song v6i AD, vk O y 



dinh-ly thu|n ta c6 


So-sanh voi gia-thiet thi n6 

EF = EF' ; do d6, F’ thung v6i F. 

Vi CF’ song-song vo*i n nen CF 
song-song vai n. 

Tom lai, AD, BE, CF cung song- 
song voi mat phang 
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BAI TAP 

6. 1. Cho mpt diem O & ngoai mot m$t phSng P. N6i O v&i mpt diSm M lwu*d$ng 
& trong P. 

1. Tim quy-tfch trung-diSm cua do$n OM. 

2. Tim quyAich cua diem chia do$n OM theo mpt ti-so cho sSn k. 

6. 2. Cho hai m$t phSng song-song P va Q. M la mpt diem lvu~dpng & trong P ; 

N la mpt diem ltru~dpng & trong Q. Tim quyAich cua didm chia do 9 n MN 
theo ti-so cho sSn k. 

6. 3 . Cho ba ntra dir&ng thSng Ox, Oy. Oz khong cung & trong n-^t m$t phSng. 

Mgt m$t phSng co*dinh P cat chung & A, B, C. Mpt m$t phSng hru-dpng Q 
cat chung & A , B . C / . GiS'SCr Q song^song v&i P. 

1. Ch&ngAo rang hai tam-giSc ABC va A'B'C' ddng.d 9 ng v&i nhau. 

AL^r\i trun 9' c ? i & m cSc c 9 nh va quyAich trpng-tam cua tam-gitc 

ABC kni Q IwU'dQng ms v§n song+song v&i P . 


6. 4. Bin mft phSng khic nhau P Q, R, S cung chua mpt Ju-fing thing A 

so " 9 ' son9 Dl ' °2 cSt b5n <n#t do A A, B, C, D Vi A’.B- 
C,D Cia-su- ABCD lamgt hing Aim Jieu-hda. Chung-to ring A'B'CD' cung 
la mpt hang diem dieU'hda. 


toan 

o dU T 0 th5n ° bSlt ' kt Dl ’ ° 2 c8 ' d * nh cSt ph&ng cii-djn 

A vd B. Goi 0 la di&m & tvln AB va ehia AB theo tl-sS dal-sS I 

(ob k ) M * t dlr °" n0 th ^ n 9 A lu*u-d 6 ng, no song-song v<H P vi 
e 4 t Dj, D 2 6 - M. NJheo thd-tu-. Goi I i* dlj5m chla doan MN ^ 

tl-sS dai-sS k 


(f-4 


1. Cd thfc noi gi v& ba du* 6 *ng AM, 01 BN 9 q., , * 

,rt " -*• "♦* ^ .. L 4 m “ ; zizs 1 "* 

*W>ro!Z‘'"' * W " »** ***». «*». -M. 
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BAl GIAI 

1. Nh$ri'Xet ««, ba dtrorng AM, Ol, BN* 

Ta coi ba diro'ng thang AM, 01 , BN 
vi hai cat-tuyen AOB, MIN. Theo gia thiet, 
ta c6 : 

OA, _ IM _ k 
OB “ IN 

Theo djnh-ly dao cua dinh-ly Thales 
trong khdng-gian ta biet: AM, 01 , BN cung song-song vo*i mpt mat 
phang. Ta hay tim each dinh mat phang d6. 

Tvr O, ta ve hai diro'ng Ox, Oy song-song voi Dj, D 2 theo thtr-tu*. 
Mat phang xOy li mat phang song-song voi ca hai diro'ng D* vi D 2 . 
Nhir the, diro'ng 01 cung phai song-song vo*i mat xOy, nhirng 01 lai 
c6 diem O nam trong mat d6, viy 01 hoin-toin nam trong mat xOy. 

Bilm O v* hai diro'ng Dj, D 2 deu co-dinh, nen Ox, Oy cung co- 
djnh. Do do, m|t phang xOy cung co-dinh. D6 chinh li mat phang * 
ma ta phai tim. 

T6m 4i, I nam trong mat phing co-dinh n (n di qua O vi song- 
song voi Di, D 2 ). 

8* Oirorng co-djnh tren do co di£m I* 

Ta ke NS song-song voi BO, vi MR song-song v&i AO. 

Hai diro'ng NS vi MR cung song-song v&i AB nen .song-song v6i 
nhau, chung dinh dirp'c m$t mit phang Q. Mit Q chira NS vi NM, the 
mi NS vi NM song-song v6-i P, nen mat Q song-song voi mat P (mit 
thtr nhat chu-a hai diroug dong-qui song-spng v&i mat thir nhi). 

MN dt SR t*i diem I\ ' 

Coi hai tam-giic I*MR vi PNS. Chung li hai tam-giic dong-dang 
(triro'ng-ho'p 1 ) Ta suy ra: v 

PM MR _ AO = OA _ k 

PN NS BO OB 
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t 











Qsafsl 




The mi 


Vay I' trung v<tt I. 

Cung nhcr hai tam-giac dong-dang n6i tren, ta biet rang: jg _ 

IS 

Khi mat Q liru-dong mi vin song-song v6i P, thi no cat mat 

” ! rng 8la °‘! Uy ? RS son S' sor >g vdi nhau (RS luc nio cung song 
song vo*i giao-tuyen cua P vh *). _ g 

V' JR ^ I 

“"“T" = k, nen I nam tren mot ^ I 

IS A I 

dircmg thing A di qua O (djnh-ly ve Hinh I 

hpc phang). L -—J 

i f \ # * 
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©if<yng thang va mat phang 

thang goc 


Khi mdt du*d*ng th&ng th&ng goc vo*i hai d 
cua mot m&t ph&ng thi no th&ng g6c vo*i nnpi 
trong mdtph&ng do va di qua ch&n no. 

Ga-su* z’Oz thang g6c voi hai dirang 
thang dong-qui Ox, O y cua mSt phang P. Goi 
Ot \k mot dirang bat-k^nam trong P. Ta hay 

chtrng-minh zOt s= 90 °. 

O z khong nam trong P du'p'c, vi neu n6 
6 * trong P thl tai O c6 nhfrng hai dirang Ox 
Oy thang g6c v6*i Oz. Dieu d6 khong the c6 
du'O'c 6 * trong Hinh-hoc phang. B6 buoc Oz 
phai cat P. 


Ta k£ mgt cat-tuyen cat Ox, Oy, Ot tai A, B, C. Tren z'z 


Trong tam-giac MBN, BO vtra \k trung-tuyen vtra Ik dirang cao. 
Vay n6 & m6t tam-giac can, dinh \k B, vk BM = BN ; tiro-ng-tir, MAN 
\k m6t tam-gidc can vk AM = AN. Hai tam-giac MAB v* NAB bang 
nhau theo trirang-hap thtr ba. Lay AB Ikm ban-le, quay tam-giac MAB 
cho trOmg v6i NAB thi M tai trting v6*i N. Do d6 CM = CN. 

Tam-giac CMN c6 hai canh bang nhau \k mot tam-giac din, OC 
da & trung-tuyen phat-xuat tvr dinh O, v£y n6 cung 1 £ dirang cao. Suy 

ra zOt = 90 °, tire & z'Oz thang g6c vcri Ot. ' 







7. 2. DjNH NGHIA. 

Mot dircrng thing diro»c goi II thing gde vfri mdt mSt phlng 
khi no trirc-giao vo*i moi dircrng thing dvrng trong mlt phlng d6. 


7. 3. OJNH LY THU£N. r m 

* ^ 

Khi mot dircrng thing thing goc v<ri mot m$t phlng thl n6 trirc 
giao v&i hai dircrng thing d< 5 ng-qui cua mlt do, 

Khi dtrang thing z'z thing g6c vcri mdt mat phlng P thi, theo 
dinh-nghia, n6 trirc-giao vo*i moi dirdng thing 6* trong P, trong so d6 ta 
c6 the ke hai dirong thing dong-qui Ox, O y. 


7. 4. OJNH-LY ©AO. 

Khi mot dircrng thing trirc-giao vo*i hai dircrng d< 5 ng~qui cda 
m6t mlt phlng thi no trirc-giao vo*i moi dircrng thing cua mat do 
(nghia la n6 thing g6c vo*i mat do). 

Gia-str D trirc-giao vo*i hai dircrng dong-qui 
Ox, Oy cua mat P, Goi A II mot dircrng thing } ^ : Jg 

bat-k^ cua P, Ta hay chirng-minh rang D trirc- /-7 

giao voi A. / / 

Tir O, ta ke Oz song-song vcri D, vl O t song- jr / 

song vcri A, Be chirng-minh D trirc-giao voi A, 
ta chi vi$c chirng-minh Oz thing g6c voi O U H)nh 45 

D trt,rc-giao vdri Oz, O y. The ml Oz song-song v6i D, V$y Oz 
thing g6c v6i Ox, Oy, 

Theo dinh-ly mb dau, Oz thing g6c v<H O t. Suy ra D tr V c-giao 

v&i A. 

7. 5. PHAT-Bllll OQCNHAT. 

D,t u-kifn fit C6 va du di= cho mdt du-d-ng thing thing g6c v<H mlt 
ml! d6 9 ! "° trV ' C " 9 ‘ a0 V<H haI du *’"B thing diSng-qui cia 


7. 6. Hg.LU&N 1. 

m ^ tdu '°* n 9 thing tryc-giao v<H hai canh cia m6t tam-glic 
thl n6 trye-giao vo-1 canh thir ba (h. 46). U 
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7. 7. Hf-LUAN 2. 


Co hai mlt phing song-song, dirorng thing nao thing goc voi 
mot thi thing gdc voi cl hai. 

Gia-su* mat P song-song voi mat Q, va D thang g6c voi P. Vi P 
song-song voi Q, nen trong 
P 06 hai dirong dong-qui 
Ox, O y lan-lircrt song-song 
voi hai diromg dong - qui 
OV, oy cua Q. D thing 
g6c voi P, nen D tryc-giao 
voi Ox. Oy (7. 3.). Suy ra, 

D tnrc - giao voi 0'x', 0*y\ H * n I 46 

Theo djnh-Iy dao tren (7. 4.) thi D thing goc voi Q. 
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7. 8. H$-LU AN 3. 

Co hai dircmg thing song-song ; mat phlng nao tiling goc voi 
mot thi thing gdc voi d hai. 



Gia-su* D, D’ song-song voi nhau va D 
thang g6c voi P. Nhir the, D tryc-giao voi hai 
du-cmg dong-qui Ox, Oy cua P. 

Vi D’ song-song voi D nen D* cung tryc- 
giao voi hai dirong thang dong-qui Ox, Oy cua 
P. Do do, D' thang g6c voi P (7. 4.). 

(Dpc-q/a c6 the hoc ngay or day djnhJy ba 
dircrng thing gdc dr cuoi bai so 9), 


BAI TAlP 

7. 1. Hai dir&ng thing D\, D2 cung & trong mpt m$t phing P va cung tn/c-giao 
v&i mgt Jir&ng thing D. Bi& ring D khong thing goc v&i P, ch&ng-minh ring 
Di va O 2 song-song v&i nhau. 

7. 2. Cho mgt m$t phing P. Trong m$t <76, ke hai dir&ng thing dong-qui Ox, Oy. 
Gpi Q la mot mm phing thing goc v&i Ox. Gpi R la mpt m$t phing thing 

goc v&i Oy. Ch&ng-minh ring Q va R phai dt nhau, va giao-tuyin cua chung 
thing goc v&i P. 
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7. 3. Trong m(il rn$t phing P, vc m$* vdng trdn dir&ng klnh AB. Tren dtr&ng thhng 
gdc v&i P ke tCr A, lay mgt diem S. Fren vdng trdn, lay m$t diim M. Chung* 
minh ring SM thing gdc v&i MR. 

7 . 4. Cho mgt hinh tir dipn ABCD, trong do CA = CB = DA --- DB. Cpi IJ la 
dir&ng ndi trung-didm cua hai c$tih AB va CD. Gpi M, N, P lindu'p't la trung* 
didm cic cgnh CA, CB AD. Ch&ng-minh ring IJ thing gdc v&i m$t piling MNP. 

7 . 5 . Cho mpt tam^giic. ABC vuong gdc & A. Tren dtr&ng thing gdc v&i m$t piling 
ABC ke tCr B, l3y mpt cHim D. Hq BA' thing gdc v&i DA, va BC' thing gdc 
v&i DC. Clurng+minh ring : 

1. BA' trifc*giao v&i AC. 

2. BA'C' la m(>t tam*giic vuong gdc tyi A'. 

7. 6. Cho mpt tam-giic AOB. Tren dir&nq thing gdc x'Ox ki tir O v&i m$t phing 
OAB, ngir&i to liy mpt diim C. H 9 AD thing gdc v&i OB va h? AM thing 
gdc v&i BC. MD dt x'Ox t?i N. Ch&ng.minh ring nhirng dp dir&ng thing (AlJ va 
CN), (AN va BC), (AC va BN) tn/c*giao v&i nhau. (xem hai toin dir &i day). 

to An 

Cho mot tam~giSc ABC. Tr6n dircrng x’x thing g6c v<H mat 
ABC tai A, ngirfri ta liy mdt di&m M. Ntfi MB, MC. Ha BD, BE l&n 
lir 9 *t thang g6c vfrl AC, MC. G 9 i giao-di&m ctia ED v6*i x’x la N. 

1• Nhan-x6t gl v<$ phiromg cua MN va BC ? 

ch u* n g-t6 r^ng MC thing g6c v6*i matphing BEN. Suv ra 
m6t nhAn~x£t v£ phiromg da MC va BN. 1 

3. B|nh rd v|-trf da D d6i v<W tam-giac MCN 
phiro*ng ciia MD va CN ? Chu-ng-tl ring NC 
ph&ng DMB. Suy ra ring CN trirc-glao vod BM. 

bAi ciAi 

1* Phircrng cua MN va BC. 

MN thing g6c v&i mSt phing ABC theo 
gia-thigt, cho n£n MN trvrc-giao v&i mpi dir&ng 
thing nlm trong mjt d6. N6i riSng ra. MN 
tryc-giao v&i BC. 

Ta bi£t th£m ring MN cung trt«rc-giao 
vM BD, vl MN thing g6c v&i AD, AC. 
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4 S 

9 V ' tr ‘ c “ a MC <*«' vai m|it phang BEN. 

. BD trV ' C ' gia0 V<M MN (*eo cau 1) V I thing g6c v6i AC n «n BD 
thang g6 C vai mat MNC dinh bai hai daang dong-qui MN vl AC Do 

BD trVC ; gia ° V6i MC > “* dtrang thing „Im trong mat MCN.' 

ft) ^ 5 ”. thang f 6c - V< f 1 BE ^ theo Sia-thiet), vira tryc-giao vai BD 

£S TUT"!' 11 MC ^ g6c ** 1*4 BEN (hay 
BhD, dinh bcyi hai dirang dong-qui BE, BD. 

trong mIt S BEN. ^ ^ ** BN ’ ^ ** - 


3. Vj-tn cua D a trong tam-giac MCN. 

Trong tam-giac MCN, hai dtrang cao CA vl NE clt nhau tai D- 
nhir the, D la tru-c-tam cua tam-giac d6. * - * 


Phirorng cua MD v£ CN. 


Trong tam-giac MCN, D da la tryc-tam, MD II dtrang cao thir ba, 
cho nen MD phai thing vai CN. 


Si f tryc-giao cua CN vd BM. 

Theo chu-ng-minh tru-6-c, ta bi€t BD thing g6c vai mat MCN: do 
d6, BD tryc-giao vo*i NC. 

NC vira thang g6c vai MD, vtra tryc-giao vai BD♦ nen NC tryc- 
giao vai BM, canh thtr ba cua tam-giac DMB. 









t 














©u’d’ng thang va mat phang 

thing goc 
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«• 1. OJNH-LY. 

mA . I 0 '."'** di 5 m ’ " 9u ' 6 ‘ i ta c6 thg v6 *"« ph&ng thing g&e v&J 
mot diro*ng thing cho sin vi chi mdt thdl. 

. , C, ’° diSm ° vi m$t dir6-n g *ang D, ta hay tlm cich ve mlt 
pnang P thang g6c v&i D tai O. 

• Trir&ng-ho'p O & trln D (h. 50). 

a) Qua D, ta ve hay mat phang khlc *1 

nhau Q, R. Trong Q kl Ox thing g&c v&i D. ff~\ J>. \~) / 

Trong R, ke Oy thing g6c v&i D. Ox, 0 y // [iX^on^jJ // 

djnh dtrpc m$t m|t P. D thing g6c v&i P vl 1 11 \£_ 'll / / 

n6 thang g&c v&i hai dtr&ng dong-qui cua P. 1 ' 

« Ta hay ch&ng-minh ring P li m|t 5 ° 

phlng doc-nhat. Gia-su- c& mot m |t phang D I D ’ 

th!r nhl P’ cung thing g&c v&i D tai O. Giao /--- [ 

tuyen c&a P’ vi Q li Ox’. Trong Q, Ox vi / J/ 

Ox cung thing g6c v&i D tai O n«n chung / i / 

tr&ng nhau. Giao-tuygn cua P' v &i R 14 o„- /P_ / 

^—-r , 

P trung v6i p. 

MnA 51 

• Tmr&ng-hg-p O &• ngoil D (h. 51 ). 

Qua O, ta ve D' song-song v&i D <.* 

v f D ’ © thi cung thing g6c v&iD " **** g6c 

ve trtr&ng hpp trim U'8.). Ta rut trir&ng-hpp niy 

8 ». H$.LI/An 

chiing song-song' td^nhau. 01 "’ 9 ‘ hA " fl V<W <luo-ng thing thi 
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_ T CTia ;!f “ m ' t p ^" g P v4 Q cCln g thing ?6c v<H dtrdrng thing 
D, Ta phai chu-ng-mlnh ring P, Q song-song v 64 nhau. 



Ngu P vl Q c 6 m$t diSm chung O, thl tvr 
O, f.a c 6 nhirng hai mSt phlng thing g< 5 c v 6 -i 
D. Di¥u niy trli vcVi djnh-ly tren. Vly P vi Q 
kliong c 6 diem nlo chung. N 6 i khic di, chung 
song-song vM nhau (, 0 . S 4 „h v&i sd 7 . 7 .). 

8 3. DJNH-LY. 

, dlr6,n 0 thing phfU-xuftt 

Ur mot di£m O vA thing g 6e v<W m 6t du-d-ng 

1 1 1: i n n v ’ll v /t U ^ _ i n . 
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Gpi Ou, Ov II hai dircmg thing g 6 c v 6 i 
x x (h. 53 ). Chung djnh dtrpc m$t m|t phlng 
thing g 6 c v 6 *i x'x tai O. Vi 1 1 r | n g t$i O chi 
c 6 mqt mlt phang dpc-nhat thing g 6 c v 6 *i 
*’* cho n$n m|t (uOu) chinh II m|t phlng 
P. N 6 i khac di, Ou, Ou nlm trong P* 

2 . Bfit cir dir&ng Ot nho ndm trong P 
ding thing gdc v&i x'x. 


Vi x'x da thing g 6 c vdri P t ? i O nSn x'x thing g 6 c v<W m 9 i dtrbng 
nam trong P v! di qua O, trong s 6 ay c 6 dirfrng Or. 


8. 4. 0|NH-LY. 

Quy-tich nhirng dirfrng thing phlt-xutft tir m6t di&m O vl tru*c- 
giao v<W mdt dird-ng thing D cho sin II mlt phlng P di qua O vl 
thing g6c vo*i D. 


Ttr O, ta k£ dtrfrng x'x song-song v 6 *i 
D. Bat ctr dirdrng OA nlo qua O v! thing 
g 6 c v 6 i x'x cung trijc-giao v 6 -i D ; vl dao 
lai, bat ctr dirfrng nlo qua O vl tryc-giao v&i 
D cung thing g 6 c v 6 *i x'x. Vi th£, thay vi 
tlm quj-tich nhfrng dirfrng OA tryc-giao v 6 i 
ta di tim qu?-tich nhirng dtrfrng OA 
thing g 6 c v<W x'x. 



Hinh 54 
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tren. thl quy-tlch d6 1A in5t phlng P thing g6c 

*,r; o p ’«£££-.>■« *-*• •*■** d -» 

song song vfri x’x ( 7 . 8 ). ; lifl 


8. 5. MQT CACH PHAT SINH M*T PhAnO. ||| 

Coi m«t diSm c 6 -djnh 0 a ngoAl m$t dirirng thing c6-d}nh D. N*u 
m$t du-cmg thing chuyln-dpng nhirng luon luon qua O vA tryc-giao vM 
D thl n 6 phat-sinh ra mot m|t phlng : d 6 1 A mSt P qua O vA thing g6c 
v«W D (col 4 i s 6 1 . 9 ., 1 . 10 ., 4 . 10 . vA 5 . 8 .). WM 


8. 6. 0|NH-L*. 

Di&u~ki£n At e6 vl du dS cho hai dircrng thing tru*c-giao vfri 
nhau 11: dirhmg n 9 Strong m6t mltphlng thing g6c vo*i dird*ng kla. 


a) Gia-str D trvrc-giao voi Ox. Tir difcm O tren Ox, ta ve mjt 
phlng P thing g 6 c v 6 i D. P II quy-tlch cua nhirng dirfrng thing di qua 0 
vl tn,rc-giao v 6 i D. Ox II mqt trong nhirng 
du* 6 *ng d 6 nen Ox nlm trong trong P. 

b) Gia-str dirfrng thing Ox nlm trong 
mlt phlng P, vl P thing g 6 c v 6 *i dirfrng thing 
D. Theo dinh-nghia v£ dirfrng thing vl mlt 
phlng thing g 6 c thl D trt^c-giao v 6 *i Ox. 

8. 7. 0|NH-LY. 

Tu* mdt di&m, ngircri ta c6 th& kl diro*c m6t dirfrng thing thing 
g6c vcri mot mlt phlng cho sin vl chi m6t thdi. 

Coi m$t di£m O vl m$t m$t phlng P. Ta 
hay tlm dch ve dirfrng thing di qua O vl 
thing g6c v6*i P. 

• Trird-ng-hp-p O 6* trong P. 

a) Trong P, ta k& m$t dirdug thing bSt- 
ky Ox roi ve mlt phlng Q thing g6c vbi Ox 
4i O (h. 56). 
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G 9 i glao-tuyKn cua Q vA P 1A Oy. Trong Q, ki dirdmg Or thing 

g f t! ?!'a J T S Q ’ nS " ° Z 1115118 86c v6i O*. T6m la), O thing 
g6c v&i hai dtro-ng dong-qul O* Oy cua P, n6n Oz thing g6c vW P. 







b) Ta hay chtrng-minh rang Oz la dtrcrng doc-nhat. Gia-su* c6 

mot dtrorng thang Oz’ cung thang g6c voi P 
tai O. Neu Oz va Oz’ dong-qui thi chung 
dinh diro-c mot mat phang R; giao-tuyen cua 
R va P la Ot (h. 57 ). 

Oz thang goc vcri P nen Oz thang g6c 
Hinh 57 vcri Ot ; Oz’ thang g6c vcri P nen Oz’ thang 

g6c vai Ot. Trong mat phang R, c6 nhirng hai dtrcrng thing Oz va Oz’ 
ding thing g6c v<H Ot. Bieu d6 vo-ly ! Vay b6 buoc ta phai nhan ring 
Oz’ triing vai Oz. N6i khac di, Oz la dircrng thing doc-nhat thing g6c 

v6i P tai O. r ’ • 


• Trtrcmg-h^p O o* ngo^i m5t phing P. 

Ta rut trirang-ho-p nay ve trtrang-hop tren: 

Qua O, ve mat phing P’ song-song vcri P 
(h. 58 ) roi ke dtrcrng thing D thing goc vdi P’- 
D da thing vcri P’ thi cung thing g6c 

vai P ( 7 . 7 .). 

8. 8. HE-LU^N. 

Khi hai dtrcrng thing cung thing goc vo-i 
mot mSt phing thi chung song-song v6*i nhau. Hinh 58 




Gia-str hai dtrcrng thing D va D’ ding thing 
g6c vcri mit phing P (h. 59 ). Goi giao-diem cua 
D’ vai P la O, Tvr O ke 4 song-song vai D, 
nhtr thS A thing g6c v6i P ( 7 . 8.). Tvr O, chi c6 
mpt dtrcrng thing doc-nhat thing g6c v6i P. 
Viy A trung vai D’. Do d6, D’ song-song vai D. 

bAi tap 


8. 1. Cho mpt hlnh vuong ABCD. Tren dirdrng th&ng goc v&i m$t ph&ng hinh vuong 
ke tCr A va C, ngw&i ta ISnJvpt lay nhirng drim A' va C'. ChCrng^minh ring 

dir&ng cheo BD tri/C'giao v&i A'C'. 













8. 2. Cho mpt diem O & ngoai m$t dw&ng thing D* Cpi P la mpt m$t phing hru* 
effing di qua D. H$ OH thing g6c v&i m$t phing. 

1. Tim quy-tich cua dw&ng thing OH, 

2. Tim quyAich cua H. 

5. Djnh m$t phing P biet OH = d (d la mpt dogri dai cho sin). 

8 . 3 , ABC la mqt tam-giic co-djnh vuong gdc & C. S la mpt diim Iwu-dfing tren 
dw&ng x'Ax thing.gdc v&i mit phing ABC. 

1. ChwngAo ring cic m$t cua tts-dien SABC la nhwng tam*giic vuong gdc . 

2. Gf>i D la chan dir&ng cao AD cua tam*giic SAB. Cf>i F la chan dw&ng 
cao AF cua tam.giic SAC. Tim quy-tich cua D va F khi S hru^qng tren x'x. 

3. Chwng-minh rang AF thing gdc v&i m$t phing SBC. 

4. Ch&ng-minh ring nim diem A, B, C, D, F nam tren mpt hinh tiu. 

5. Ch&ng-minh rang DE thing gdc v&i SB va AF. 


1UAN 

m4 . c !*° m ? t , hinh vuong ABCD, canh Id a. Ke x’Ax thing goe vd- 

ah ?, f uj? cu ® hin , h vu6n 8- T *^n x’x, ta ISy mdt difem M. Ha AI 
AH, AJ thSng g6c ldn-Iu*o*t vfri MB, MC, MD. 

1. Chirng-t6 ring AI, AJ trirc-giao vo*i MC. 

Suy ra ring AI, AH, AJ cung nim trong mdt mfit phing. 

Z Quy-tieh cua I, H, J khi M liru-dong trdn diro-ng thing x’Ax, 

A, B 5 C TmT, a! 7! fl6C - A ^’ A ^ ? Ch*ng-t& ring biy difem 
A, u, L, D, H, I, J, o* trdn mot hlnh e&u. : ' 


bAi ciAi 


tryc-giao v&i MC. 



x’Ax thing g 6 c v&i mit phing cua hit 
goc vo-i AB, AC va trirc-giao vo-i CB, CD 

AI thing g 6 c vo-i MB theo gli-thilt 
v* trirc-giao vai CB, nen AI thing g 6 c vdi 
mat phing MBC dinh b 6 -i hai dirdng 
thang dong-qui MB, MC. Ta suy ra AI 
trve-giao vai MC vl AI thing gdc v 6 i IC 

(AIC = 90 o). Chu-ng-minh tirang-ty, ta 
c 6 AJ tru-c-giao v&i MC (vl AJ thing gdc 

v&i JC : AJC = 90 o). 
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Al, AH, AJ cung 6r trong m$t m$t phing* 

Ba d trong thing AI, AH, AJ cung phlt-xuat ttr A, cting trijc-giao 
v6-i MC (n6i riSng, AH thing g6c v6i MC theo gia-thiSt). VI thg, ba 

dtrfrng d6 cting nlm trong m2t phing P, di qua A vl thing g6c v6*i 
MC tai H. 

fi. Quy-tfch cua H. 

• 1 a ^ / 

1 a bi£t AHC = 90°. Diem H nhin doan AC cd-djnh du'di mot g6c 
vudng, vi ludn ludn nim trong m3t phing co-d}nh (C, x'kx). Khi M 
vach ndn dtrdng thing x’x, thl H vach nen vdng tr6n diro-ng kinh AC 
dvrng trong mit phing (Cx’x). B 6 14 quy-tich cua H. 

« ’ i , $. 4 4 • * ’*» ' l 

Quy-tfch cua I. 

Ta bi£t BIA = 90°. Di^m I nhin doan AB c6-djnh dtr6i m$t g6c 
vu6ng, vi lu6n ludn nira trong mit phing cd-djnh (B, x’ Ax). Khi M 
v?ch n«n dirdng thing x’x, thl I vach n«n v6ng tr6n dtrd-ng kinh AB 
dung trong mit phing (Bx’x). D6 li quy-tich cua I. 

Tirang-tir, ta tim ra quy-tich cua J. 

3. Hinh ciu qua biy ditm A, B, C, D, H, l, J. 

Bay diim ndi tren khdng cung & trong m$t mat phing (trir khi M 
o' A: luc d6 ba diSm I, H, J- dSu & A). 

Ta c6 ABC = ADC = AHC = a!c = AJC = 90 ®. N 3 m 
dilm B, D, I, H, J ciing nhin doan AC dirdi m$t m$t g6c vudng, ntn 

chting nim tren hinh cau mi dtrirng kinh li AC. 

$ • ' • ' ' . 




Doan thang goc va doan xi£n 


91. D|NHLY THU AN. 

\7. *y 'Sfl| 

Tir mot di&m 6* ngoai mot m&t ph&ng, ta k£ doan th£ng g6c v& 

cac doan xidn doi vd*i mat do s 1 

• • , 

1 . Doan th&ng goc ng&n ho*n mol doan xien. ^ 

2. N£u chan hai doan xi£n c£ch d$u ch&n doan th&ng goc 
thi hai doan xi&n do b£ng nhau. 

3 . Trong hai doan xien, doan nao co chAn 6 * xa chAn doan th&na 

goc horn thi doan d6 dai horn. y 

Goi OH 1 A dircmg thang g 6 c vo*i mat 

phang P v 4 OA, OB, OC lit nhirng doan ° • ^ 

xien. 

/. Tam-giac vuong g 6 c OHA cho ta : 

OH < OA. 

2. Gia-sir HA = HB. Xet hai tam-giac 
vu 6 ng g 6 c OHA, OHB. Chung c 6 HA = HB 
theo gia-thiet va OH chung. Vay chung 

bang nhau. Suy ra : OA = OB. 

4 >■ Hinh 67 

KC A™ i ^v > . HA ' Ta P h ^ chu-ng-minh : OC > OA. Lay tren 
HC mot diem A de cho HA* — ha *n. « * ^ ^ y Lren 

Trong mat phlng OHC, doan OC c 6 cMnC#™ H h ^ «,° A 7 ° A ’' 
V|y OC > OA*. Do d 6 OC > Oa'. ° H han cMn 003 0A ’- 

»• 2. OINH.LY OAO. 

Noi mot di^m cr* naoai mnf mi* . i 
ph&ng do, ta c6 vo-s6 do 9 n ttLgi P ^ 9 V<H nh,i5u m*t 

loan „gd„ nMt m'doa^hlng 0 ^ ^ tu^ng-tirg-ng ra, 

2 . NSu hai doan vlA„ k* . * P ng< 

chdn du-o-ng thSnggde. " 9 " haU ’ thi chfln c{t * chdng each dfcu 
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3. N&u hai doan xien khdng bing nhau, thi chan cua doan dai 
ha*n phii 6* xa chan dircrng thing goc hern. 

I. Gia-sij doan OH la doan ngan nhat trong tat ca cac doan ma 
ta c6 the tu' 6 'ng-tuo'ng ra. OH phai la doan thing g 6 c vo*i P; neu khong 
ta co the tim ra mot doan thing g 6 c voi P, ngan ho-n OH theo dinh- 
ly thuln. Dieu do vo-ly vi ta da coi OH la ngan nhat roi. 

2 ♦ Neu OA = OB thi ta khong the c 6 HA ^ HB, vi theo dinh-ly 
thuan, dieu-kien HA =/= HB se lam cho OA =£ OB, trai gia-thiet 1 Vay 
ta phai c 6 HA = HB, 

3 . Neu OC > OA thi ta khong the c 6 
HC ^ HA, vi theo dinh-ly thuan, dieu-kien 
HC ^ HA se lam cho OC ^ OA, trai gia- 
thiet, Vay ta phai co HC > HA, 

9. 3. D|NH NNHIA. 

1 • Khoing-cach tir mot di§m to*i mot 
m^t phing la chi<§u dai cua doan thing 
goc k£ tu* di£m tod mit phing (h. 62). 

v» 

2. Khoing-cach giira mot du*6*ng 
thing va mot mit phing song-song la 
chibu dii cua doan thing goc vcr*i direrng 
thing va mit phing (h. 62). 

3. Khoing-cach giira hai mit phing 

song-song la chiSu dii cua doan thing 
goc vo*i ci hai mit do (h. 63). ' 


9. 4. QUY TICH NHITNC DIEM CACH OEU 

Ta c 6 hai diem co-dinh A, B. Goi O la trung-diem cua doan 
AB (h. 64 ). 

I. Neu MA = MB, thi MAB li mot tam-giic can; trung-tuyen MO 
cung li dircyng cao, MO hln li phai 6 - trong m?t phing P thing g 6 c v 6 *i 
AB tai O, Vay diem M nao each dieu A va B cung phdi & trong P, 



Hmh 63 


HAI DIEM A, B. 




2. Neu M 6- trong P thi MU vira la airong v “uus-iuyen 
cua tam-giac MAB. Suy raMAB la motta.ni- 
giic cSndmh M, ttrc 1* MA = MB. Vay 

diim nho & trong P cdng each d$n A va B. | S/\ H 

,' / \ 

MSt P thing g6c vdri doan AB t$i trung- > / \ | ,W\ 

dilm cua AB: P diro-c goi 11 mft trung-trifc / | 

cua AB. AO B 

D|NH LY. 1 

Quy-tfch nhirng di§m c6ch dfcu hai ':x 

di&m A, B lit m&ttrung-tru*c cia doan AB. Hmh 64 

9. 5. QUY/riCH NHlfNG OlEM CACH ©fell BA DIEM A, B, C KHONG 
thAng HANG. ] 

Ta c6 ba diem co-dinh A, B, C khong thing hing. G 9 i M fa m$t 
diem 6* trong khong-gian. N6i MA, MB, MC vi ha MH thing g6c v6i 
m$t phing ABC. 

A Theo d{nh-ly thu£n ve doan thing g6c 

vk do?n xien, neu ta c6 HA = HB = HC 
thi ta cung c6 MH = MB = MC. 

~1 Theo djnh-ly dao ve doan thing g6c vi 

/ do?n x!4n, n£u ta c6 MA = MB = MC, thi 

_ / ta cung c6 HA = HB = HC. 

' ■ T6m l?i. Mu-lain it c6 vi du di cho 

Hmh 65 MA = MB = MC li HA = HB = HC. 

* H chmh u im, v6ng tr6n ngoal-ti?p cua tam-giic ABC. Qu?-tich cua 
lftm M - cich dSu ba diim A, B, C - li dtrcmg thing D thing g6c 

t It" v6oi <ta * «, D w i „„ d /‘ 


OINH-LY. 

Quy-tich nhirng dlSm odoh dUn h~ ,,,v 
King Id true ctia vdng trdn ABC d ^ m A » B » c - hhdng thing 

9. 6. OINH-LY BA OlT<TNG ThAnG G6c. 

g6c XfSSZZ" *' rb ‘ ng than ® C °- «** thing 
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a) ©|NH-LY THUAn. NSu tir m6t difcm 
M tr£n du # d*ng x’Ax, ta ha MH thing g6c v6d 
CD thl AH cGng thing g6c v6d CD. 

CH thing g6c v&i MH tri^c-giao v<5i 
MA, nin CH thing g6c v<H AH, canh thir ba 
cua tam -gilc MAH. 

b) ©|NH4.tf ©Ao. Nfe'u ta h$ AH thing 
g6c v&l CD vl n*>J H v&l bit cu* difcm M n Io 

trln x’Ax, thl MH thing g6c v&l CD. 
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CH thing g6c vM AH vi tryc-giao v6-i MA, n«n CH thing g6c v6-i 
MH, canh thtr ba cua tam-giac MAH. 


' _ bAi tap 

9. 1. Thi ndo Id khoAng*cAch tir mgt diim t&f mpt m$t phing? Tim qu^tich nhfrng 
diim mi khoing-cAch t&i m$t m$t phing P Id hinged d. 

/ 

9. 2. Cho hoi m$t phing P\, P 2 vd hoi do?n du d 2 . Tim qu^tich nhtbng diim M, 
biit ring khoing-cAch tir M t&i P\ Id d\, vd khoAng-cAch tir M t&i P 2 Id d 2 . 

* 1 , Jp* 

•y. 9. 3. Cho hoi diim A, B vd m$t m$t phing P. Tim qu?4lch nhfrng diim di/ng trong 
P vd cAch deu A, B. 

9. 4. Cho hoi diim A, B. Cgi P Id m$t m$t phing di quo trung+diim O cua dopn 
AB. Ch&ng-minh ring khoAng*cAch tir A vd B t&i P bing nhou (ta ndi : A vo 

B cAch diu P), CTng.dgng : Vi m$t mjt phing ch&o m$t dir&ng thing D vd cAch 

diu hoi diim A, B cho sin. 

4 

9. 5. Cho hoi diim cS'djnh A, B vd m$t dtr&ng thing D. Hdy tlm tren D m$t diim 
C di cho tom^giAc CAB Id tom-glAc con dlnh C. 

9. 6. Oiu bdi nhw trim nhirng thoy cdu *dw&ng thing D» bing cdu *vdng trdn yy 

l , 

JO 9. 7% Cho bo diim A/ B, C khdng thing hdng vd m$t m$t phing P. Hiy tlm tren P 

m$t diim O di c6 thi dung O Idm tdm m$t hlnh c'Su di quo A, B, C. 

9. 8. Cho m$t diim O & ngodi mjt phing P . Tim qup'tlch cua chon nh&ng dopn 
xien OM, biit ring OM = hing*s6» 










y. y. C7jo mqt diem U O' ngoai mgt m$i pnang r, /rung r , m V i 
thang D quay quanh mpt diem cd'djnh A. Hq OM thSng goc v&i D 
thSng g6c v&i P. 

1. Ch&ng'minh rang HMA lb m$t gdc vuong» Suy ra quy*tich cua M. 

2. Oinh vj-tri cua D dh cho do?n OM ngan nhat ho$c dai nhSt. 


Cho hai dircrng th&ng x’Ax va y’By trirc-giao. Doan th&ng AB 
th&ng goc vo*i x’x va y’Y* Mot di&m C liru-dong tr6n x’x v& mot 
difcm D liru-dong tr£n y’Y* Ta dflt AB = a, CD = d (a, d 1& nhu*pg 
h&ng~s6 va d > a). 

1. Lam each n&o v£ diro*c m£t ph&ng P chira By v& song-song 
v6*i x’x ? Nh&n-x6t gl v§ AB va P ? 

2. Ha CC’ thSng goc vo*i P. Tam-gi6c C’BD ra sao ? Chu*ng-t6 
r^ng AC 2 -f- BD 2 va AD 2 -f- BC 2 la nhu*ng h&ng~so, 

3. Chti-ng-to r&ng cosin cua goc nhon cua hai dircrng thSng AB, 
CD 1& mot h&ng-s6» 

• 'w: •/ 

4. Chu-ng-ti r&ng trung-diiSm I c£ia CD nSm trAn mfit trung- 
tru-c cua doan CD. Tinh khoAng-cach 01 (0 id trung-diSm cua AB). 
Suy ra qu^-tich cua I khi C, D lu-u-dong ti-An x’x, v > v theo thu-tu-. 


mat phang chu-a y”By v4 song-song vfrl x’x. T: 
nh3n- X <*t rang AB 14 dircrng thang g6c chunj 
cua x’x, z’z ; vi z’z, y’y thang g6c voi nhau 

it . ' ' % » , 

Vj-trf cua AB d6i v6r| P. 

. AB . ^ & 6c voi y’y v4 z’z cho nen Al 
phang dinh bo-i hai dircrng dong-qui y’y z’zi 












? .* * ' *• 

* 


8. Trj.*S cuo AC 2 + BD 2 vi AD 2 + BC 2 . 

CA thang g6c vcri AB vk tru-c-giao vo*i BD nen CA thing g6c v6*i 
AD, canh thu* ba cua tam-giic ABD. 

Tiro , ng-ti I r, CB thang g6c vd-i BD. 

Ding hai tam-giac vudng CAD, ABD ta c6 

AC 2 = d 2 - AD 2 
BD 2 = AD 2 - a 2 

VSy AC 2 + BD 2 = d 2 - a 2 (= hlng-sS). 

Ding hai tam-giac vuong ABD, CBD ta c6 

AD 2 = a 2 + BD 2 
BC 2 = d 2 — BD 2 

Suy ra AD 2 + BC 2 = a 2 + d 2 (== hlng-so). 

3* C6c cua AB vd CD* 

Khi ta ha CC thing g6c vdi P thl CC song-song vdi AB. C nim 
tren z'z . 




'v 


■ 










•, , . •/: 


•* 
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Ttr-gidc ACCB & m$t hlnh chu*-nh|t. 

• • ... * 

Ta bi£t CC song-song vdi AB, vk CC 9 = a. G6c nhpn cua AB vk 
CD lk a = C'CD. Trong tam-giic vu6ngg6c CCD, ta c6 




* ; 




cos 


:am-gi£c vudng g6c CCD, ta c6 

CC CL . « * V \ 

« = — = — (= hang-so). 

CD d 


4. I or tren m$t trungtryc cua AB* 

Ta da bi€t DBC \k m$t tam-gidc vuong g6c tai B. VI th£, trung- 

tuycn BI bing ntra canh huyfcn CD : 

CD d 

BI = _ = — 

2 2 * 

CA thing g6c vdi AB, vk tryc-giao v6*i BD, nin CA thing g6c vd*i 
AD (canh thu* ba cua tam-giic ABD). Ndi-khdc di, CAD \k mpt tam-gidc 
vudng gdc tai A. Do dd: 

CD d 





AI = — = 
2 


V|y IA = IB = — 

2 

I dich dl£u A vi B, nfin I nSm tren mSt trung-tryc n cua do^n AB. 

























10. 1. OINH.NGHIA. 

NhJ-difn hay g<Sc nhf-dltn 16 hlnh hyp bo*l hal nfra mfit phing 
phdt-xu&t tir mdt dirirng thing. 

M5l nu-a m5t phing g<?i li m$t m$t cua nhj-dl$n, dtrcrag thing chung 
gol li cgnh cua nh{-dl$n. Trong hinh 68» ta c6 nh}-di$n (P. AB> Q). 

Hal nhj-di?n bSng nhau li hal nh}-di$n c6 the chBng khlt 14n nhau. 

io. a. g6c phAng. 

Lay motdiim O tr6n cynh AB. Trong m|tP, 
k£ Ox thing g6c v<W AB. Trong m|t Q, k4 Oy lll^ 

thing g6c v6i AB. xOy g<?i li g6c phing cua 
nhi-di?n. 

C6 thi tlm g6c phing cua nh}-dl?n blng each p 
sau niy: cat nh}-dl?n blng m$t mSt phing thing 
g6c v<fri AB. H,nh 68 

Ta nen nho’ ring v}-trl difcm O khdng anh-htrorng den s6 do cua g6c 
phing : Hai g6c xOy vi x’O’y' blng nhau vl c6 canh song-song cOng 

chilli. 

»• i_*' .j _ i . ’ * 

10. 3. nh|'Di£n k£ nhau. 

Hai nhf-dl£n k& nhau li hai nhj-di£n c6 
tt canh chung, m6t mfit chung vi 6* hai bfcn efia 

1 mfit chung. 

B (P, AB, Q) vi (Q, AB, R) li hai nhi-di$n 

, p ^-^ k* nhau (h. 69). 

0 Mu6n edng hal nhj-dlin thl ngircri ta 

U1 , Aa dflt chung thinh nhj-dl$n kS nhau. 
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Nhj-di£n (P, AB, R) trong hinh 69 II tcJng cua hai nhj - di£n 
(P, AB, Q) vl (Q, AB, R). 


10. 4. SOSANH HAI NH|»D|£n. 


Mu6n so-sanh hai nhj-di6n, ta ddt chung sau cho co canh chung, 
m6t nuU chung vl chung <r v<$ cung mdt bdn cCia mat chung d6. 


Trong hinh 69, ta so-slnh hai nhi-di$n (P, AB, R) vl (P, AB, Q) 
ta dirge hifiu cua chung II nhi-difn (Q, AB, R). 




10. 5. OINH-LY. 


vA " h! ' d ‘- n bS " 9 " haU thi 9 6 °P h ^0 cia chung bS„g „hau 


cung ^chong 1 khit! ^ *** ** Ch * ng **°* khft ^ phSng 


. , f * ™' S& hai nh i' dl « n g6c phlng blng nhau. Ta c6 the dit cho 

8 C P ang d6 dl ° ng khit - C ? nh cua hai nhi-di^n phal triing nhau vi 
chung cung thing g6c vdi mat cua g6c phlne tai JU f ..- If 

hai nhj-di|n chong khit <Wc. * ? ^ Nh,r 


10. 6. PH^P OO NH|~DI$N. 

^ do nhj-di^n, ta phai chpn do*n-vi. 


Ngirdi ta ch<?n do-n-vj nhi-di$n nhtr sau« * 

■*>**" m *• ■**”» r,r v v | „r'; d,f " ■* 

1 ir*. « . ... o'' 


m nhi ‘ di$n g6c vu6ng gpi 14 m$t nhi-difn vudng. 

G6c vudng chia thlnh 90 phan bine nha„ ™a. t.* ,, 

H ng nnau > moi Phan 14 mdt gdc I o. 

TVT/4i .. a 4 • * 


Nhj-di^n vudng chia thlnh 90 ohan hW t » 
nh|-difn \o, g nhau, m6i phan II m$t 


Nhj-di^n I o c6 g6c phlng 11 g6c I o. 


Nh}-di ? „ 23015’46” c6 g6c phSng lk g6 . 23oI5 , 46>> 


Xcm th£ : S6 do nhj~di6n blng s6 do ado nh* » , 

“ <*»*: Phl, e „ „ 













. * ■ 



10. 7. mat phAng phAngiAc cua mOt nh|.di€n. 

M&t phan~gi£c cua m6t nhi~di6n II mu*a mlt ph&ng ph6t-xuft't 

tir canh nhi-diln vl chia nhj-diln llm hai ph&n b&ng nhau. 

• • • 

Lay mpt Ailm M tr£n mlt phan-gilc R cua 
nhi-dien (P, AB, Q) roi ha MH, MK thing g6c lan 
lu'O’t vo*! P vl Q. MH vl MK tri^c-giao v6*i AB. /Or^] 

Chung dinh dirp-c m$t mat phlng thing g6c v6i 

AB tai O. Nhir thg HOK II g6c phlng cua nhi- nj 

difn (P, AB, Q). OM II dtrcyng phan-giaccua g6c B 

HOK, vi hai g6c MOH, MOK bang nhau. 

Suy ra MH = MK, nghia II M each deu R 

hai mdt cua nhi-di$n . Hlnh 70 

Ddo lai, n£u MH = MK thi OM II duo*ng phln-gilc cua g6c HOK. 
Suy ra : OM nam tren mat phan-gilc R cua nhi-di?n (P, AB, Q), nghia 
II Mb tren m#t phan-gidc cua nhi-di$n. Vly ta c6 





















1. ASC = 9Qc. 


2. SC trt/C'Qiao v&i BO. 

3. Nhbdien (B, 54, D) la m$t nhj'dipn vuong goc. 


to An 


Cho mdt hlnh t*-di«n dgu ABCD, canh IA a. Gol I, J 14 truna 
didm ciia AB vfc CD. 


1 * Chl ™g~t6 r&ng CID mdt g6c phdng ciia nhf-didn (AB). 


Jl( 2- Chu-ng-ti ring mat (ABJ> 11 mat phAn-glic cda nh|-dl«n (AB) 
dong-thoi la mdt trung-trirc ciia doan CD. 


3. Tfnh s 6 do cua nhj-dl$n (AB). 


bAi ciAi 


1- G6c phing cua nhi-dign (AB). 

Trong tam-giic deu ABC, trung- 
tuyen Cl dong-thcri 11 dirimg cao : Cl 
thing gdc vai AB. 

Tirang-ty, DI thing gdc vdi AB. 
M?t phing CID thing gdc vdi c?nh AB 
cua nhj-difn (C, AB, D) vl cat nhj-dl^n 

thinh g6c (HD cho nln CID 11 gdc phing 
cua nhi-di^n d6. Chu*ng-minh tiro-ng-ty, 

ta biet AJBII gdc phing cua nh j-di$n (CD) 


Hlnh 71 


*. M«t ph.n-g.4c c4. nhi-dl*n (AB) vl m *t trung-tryc c*. do,n CD. 


Ta cd Cl _ DI = Nhu- th« tam-glic CID 11m m$t tam-gilc 


dn, dinh 11 I. Trung-tuydn IJ d&ng-thM 11 phln-giic cua gdc CTO. 


M|t phln-giic cua m$t nh}-dl*n cd thi djnh bine canh di* 

* d ^f P h3n - glic “ a ^ Phing- & <tly, mit phte-gilc nhi 

S + lSi'SS" “* ”• V * ”* “ «*• <£■ 






l 

I 

* 
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Mat phang thang goc 


11. 1. OfNHNCHIA. 

■ 4 

Hai mdtphlng du*o*c goi la thing g6c khi chung tao nln mdt nhj- 
dl^n vudng. * 1 

Di-nhien ba nhi-di$n con lai cung vu6ng g6c ca. Vi thg ta n6i 
diro*c: hai mat phang thang g6c tao nen b6n nhi-di£n vudng (h. 72)* 

£>ieu-kiin dt cd va du cho mot nhj-di£n vudng II : gdc phang 
cua nd vudng. Vi the muon chung-minh rang hai mat phlng thing gdc 
vo'i nhau thi ta cd the chirng-minh rang gdc phang cua m$t trong b6n 
nhi-dien do chung tao n£n II mdt gdc vudng. 

112. 0JNH-LY THlhJkN. 

Khi hai mat phlng thing goc vd-1 nhau thl mat no ehu-a mit 
du-o-ng thing thing gdc vo-i mat kia. ' 

I # P 

Coi hai mSt phang thing gdc 
P, Q mi giao-tuyen li D (h. 72). Ta 
hay chu-ng-minh rang P chu-a mot 
du-6-ng thang gdc vd-i Q. - 

Lay m$t diSm O tren D 
Trong P, ve OA thing vd-i gdc D.' 

Trong Q, ve OB thing vdi gdc D. 

Nhtr thi, AOB 11 m$t gdc phlng 
cua nhi-difn vudng (P, Q). Do dd 

AOB = 90o. 

H)nh 72 

OA thing gdc vdi D vi OB; thi mi D vi OB li w ^ x_ 
dong-qui d- trong Q ; V$y OA thing gdc vdi Q. B ^ hai dvebm * th3n « 

Tu-o-ng-ty, OB thing gdc vd-i P. 
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11. 3. OINH LY DAO. 

Co hai mit phing, n£u mit no chira mot dircrng thing thing 
goc vo*i mit kia thl hai mit do thing goc v<ri nhau. 

Gia-su* mat P chira dirorng thang OA, va OA thang g6c voi mat Q 
tai O (h, 72), Ta hay chumg-minh rang P va Q thang g6c vo-i nhau. 

Goi giao-tuyen cua P, Q li D (O nam tren D). Trong Q, ta ve OB 
thang g<5c vo*i D. 

OA thang goc vo*i Q, nen OA thang goc voi OB: AOB = 90°. 

OA, OB thang g6c voi D vi 6* trong P, Q theo thur-tir. Vay AOB 
li mot goc phang cua nhi-dien (P, Q). 

AOB la goc vuong, nen nhi-dien (P, Q) li nhi-di?n vuong. N6i khac 
di, P thang g6c voi Q. 

11. 4. PHAT'BlitJ OQCNHAT. 

4 

Bi§u-kien it co vi du d§ cho hai mat phing thing goc voi nhau 
la: m&t np chu*a mot dircrng thing thing goc voi m£t kia.. 

11. 5. HELUAN 1. 

Co hai mat phing thing goc. n8u tir mot di§m trong mit thir 
nh&'t, ta k£ dircrng thing g6c voi m&t thir nhi, thi dircrng d6 hoan- 
toan nim trong mit thir nh&t. 

C6 hai mat phang thang g6c P, Q. Lay mdt diSm A trong P, ke AO 
thang g6c vo-i giao-tuyen D cua P, Q (h. 73), 

Theo dieu-kien at c6, AO thang g6c voi Q. 

The mi ta biet rang tir m$t diem A, chi ke 
diro*c mot diro-ng thang thang g6c v<5i mat 
Q thdi. Viy neu ttr A, ta ke dirbmg thang 
thang g6c voi Q, thi n6 nam trong P. 

Ta cung c6 the n6i dieu sau niy: C6 hai 
mit phing thing g6e. NSu tir mdt diSm 
cia mftt thir nh&t, ta k£ dircrng thing 
g6c voi giao-tuyfe'n thi dirorng d6 thing 
g6e voi mfit thir nhi. ' 


* 



H. 




11.6. H$-M4n 2. 

Khl hai mdt phlng cIt nhau cung thing g6e voi mot mdt thtr 
ba, thi giao-tuY^n eua chung cung thing g6c v&\ mdt thu* ba 66. 

Gia-str hai mat P, Q cung thang g6c v6i mSt R (h. 74). Gpi giao- 
tuyen cua P, Q & D. Ta hay chtrng-minh ring D thing g6c v&i R. 

Lay mpt diem A tren D, U Ax thang g6c vai R, Theo hMuIn 
tr£n, Ax phai nam trong P, vd phai nam 'h 

trong Q. Nhu* thS Ax chinh Id D. Ax da thang 

g6c v6*i R n in D thing g6c v&i R. > a\ 

11*7. H$,LUAN3. / 

r~ * Id —? 

Qua mdt dircrng thing khdng thing / / 

g6c v<W mdt mat phlng, ngirdd ta c6 thfc / R U / 

v£ du’o'c mot mdt phlng thing g6c v6*i ^ / 

mdt do, yd chi mot th6f. , {lnU /4 

Coi dirdng thing D vi m?t P. Lay m$t di*m M tren D rol h ? MM’ 

thing g6c v&i P. Hai dirdng thing dong-qul 
^1 D MM’ dinh dtryc mpt m$t phlng Q. 

D, Theo dieu-ki$n du thi P thing g6c vdi Q. 

,— X Oj_ N?u M lu'u-dpng trdn D thi MM’ cung 

/ y luru-d$ng, nhtrng phtrong caa MM’ khdng 

/ U^M’ / d5i ( d6 li phtrang thing g6c vdi P). Do d6 

^ -- —' Q khdng doi. Ndi khic di, Q 1J m $t 

75 phlng ddc nhat mi ta ve dirpc. 

m “ “* Mi ’ h ■■«- •* 


11.8. D|NHLY. 

... “ ^‘ m ' t ph *"0 son 8-»ong, mat phfina nic 
ir nhdt thi cGng thing gdc v6*i mdt thir nhl. 

fh Cf ^ m ^P^ng song-song P, Q vi mdt mi 
(h. 76). Trong R, ta cd thi vg dime dtrdne D ,h> 

Nhlr <h |; n<5 cQn « thS "g g6c v*i Q. R chtra dirdng 








Sy thf t thi : « Khi hai mat c&ng thing 
g6c vo*i mpt mat thu* ba thi giao-tuyen cua 
chung — neu c<5 — thang g6c voi mat thu* 


i/jun.Li muMin, Hlnh 76 

Khi mot dircrng thing va mot mSt phlng cung thing goc vo*i 
mot mSt phlng thi chung song-song v<H nhau. 

Gia-str dtro'ng thang D vl mat phlng P 
P cung thang g6c vo*i mSt Q (h. 77). Trong P, ta 

p, ve du'o'cmot dtro'ng thang D’ thang g6c v&i Q 

/~ J q 7 (11*2); Dv^D' cung thang g6c v6*i Q nen song- 
/ / song vo*i nhau. 


*—— f D song-song v6*i D'; the ml D' lai 6* trong 

Hinh 77 mat P, nen D song-song vai P (4. 4). 

* * » • /w f ■ ., - k . f 

11. 10. D|NH-rt DAO. 

Co mot dirorng thing vl mdt mSt phlng song-song, mlt phlng 
n&o thing goc v&i dircrng thing thi cung thing g6c v&i mfit phlng. 

* • ' *C ’• *. 

Coi dirang thang D va mat phang P song-song gia-str; mat phang 
Q thang g6c v&i D. Ta hay chtrng-minh Q thang g6c voi P. 

Vi D song-song voi P n$n trong P, ta ve dtrp'c m6t dtrong D' song- 
song voi D. Q da thing g6c voi D thi cung thing g6c v6i D' (7.8). 

Mat P chua D*, the ml D* thing g6c voi Q. Vly P thing g6c 
v&i Q (11. 3). 

bAi tap . 

1 1. i. Cho mpt t&'di?n OABC. Ba gdc & O Jiu vuong, OA = 08 = OC = a. Cp/ 

/ la trung-diim cua BC. 

1. Ch&ng-td BC thing g6c v&i m$t (OAI). Nh$n*xet gi vS hai m$t phSng ABC, 


£ 













•I* 


2. Otr&ng cao CD cua tam-giac ABC cSt Al & K. Ch&ng-tS AB thing gdc 
v&imjt (ODC), vi hai mjt ODC f ABC thing goc v&i nhau. 1 1 

2. Ch&ng-to OK thing goc v&i (ABC). Jinh OK va distich tam-giic ABC 
theo a . 

V'-Sfi 

11 . 2 . Cho mpt hinh t&^dipn deu SABC. c?nh la a. Cpi H la tri/c-tam cua ABC , AH 
cat BC & D. ■jf.'Jl 

1. Ch&ng'to BC, AS tri/c-giao v&i nhau la hai m$t phing ASD, BSC thing 

goc v&i nhau. T 

2. Goi K la trung^diem cua SA, ch&ng*to DK la dw&ng thing thing goc 
chung cua AS, BC. 

3. Tinh AH, HS, DK va di$n4ich tam-giic BKC theo a. if 

4. Ojnh tren HS mpt diem O sao cho BOC = 90°. Nh$n*xet gi ve tam 
di$n OABC ? 

"pi 1- 3 - Cho hai tam*giac can ACD, BCD khong cung nim trong mpt m$t phing, diy 
chung la CD = 2x, cae c?nh khic dai bing a. i 

4 • - W, 

1. Cpi I, J la trung.diem AB va CD, ch&ng-to rang IJ thing g6c v&i AB, CD 

2. Tarrugiic ACD co djnh, tam*giac BCD quay quanh CD. QuyAich cua diem 

3. Gia-sir hai m$t ch&a hai tam-giic thing goc nhau. Tinh AB, IJ. Omh diem 
cich deu bon diem A, B, C, D. 

f 11 - 4- rrong m J* "•# P. cho mpf vdng O Ju&ng kinh AB = 2a. Uy m$t Jay 

cung BC - a. Tren Ju-d-ng thing ke tir A v&i mjt P, ngu&i ta Uy AS = 2a. 

1. Chung.id ring hai mft phing SCB, SCA thing gdc v&i nhau. 

2. H, AD thing goc v&i SC, vi AE thing goc v&i SB. Ch&ng-td ring hai 

2 2 n gUc C ADI fff' 19 ^ ^ Ch * na - td = ** Tinh cie 

3. Djnh giaO'diem I cua DE v&i P Tinh ID nL * * . am . * 

• n IB. Chung+td Al ti$p*xuc v&i vdng 0, 

l722lg thing thing gdc Zf^tl 4 ^ ^ * * 

Tren vdng trdn, ngtr&i ta Uy mpt diem M ? ^ ** C 

1 * Ch&ng*td BM thing qdc vM CKA ml- , 
t&'dipn CAMB ? * Nh$n~xet gi crfc m$t cua hinh 

_ 

2. Ha AH thing gdc v&i CB • Alt' *l* 

thing gdc v&i m$t phing CMB va CB f A* ^ W * 7 * Ch&nm-minh ring AK 

Vi hinh t&.giic HKMB ? ' 9 g6c v&i P^ing AKH . Nh$mxet gi 
































A< Af, 13 cb-djnh* C ItrU'tt^ng tr$n 4 
4, B, C c6'(fjnh. M UrU'cfSna trSn vA 


5. .4, B, C ctS-c tinh. M liru^df) 
tich cua forth than CAMB c</W<i/. 


T °An i a : 

cho hnl ,uVn dw^ng thAng trire-giao Ax. By. AB thAng g6e v<H 
hm dircrng rto. Tr«n Ax. ta lAy m$t doan AM = x. Tr4n By” ta Ifty 
n\6t doan BN = y. GiA-siV MN = x + y. DAt AB = a. * 

t. Djnh v|-tri cua Ax d6l vo*l mftt phAng <ABy). Tim h£-thiW> 
glfra x, y vft a. * 

% 

2. Hal mAt phAng (ABx) vA (ABy> c6 thAng gdc vd-I nhau khAng? 

3. TrAn doan MN, ta lAy di?m H v<H MH = x. Ha HI thAno ode 

vo-1 mAt phAng (ABy). Tinh HI. Tinh HJ. khoAng cAch tir H t<W mAt 
phang (ABx). * 

4# Ch *J! 9 ~ t& p ^ 119 H n ^ m trong mAt mftt phftng cA-dfnh khi 


Vj.trl cia Ax <181 v6r| m$t ph^ng (ABy,)* 

Ax thing g6c v6i AB vft tr\rc-giao 
v61 By (thco gia-thiSt), n$n Ax thing Sf 

g6c vcH m$t phSng ABy, djnh bo-1 hal / /?* 

dircmg dong-qul AB vi By. / j / j\ 

Ta suy ra ring Ax thing g<Sc v6i / |\ 

AN m$t du-6-ng nim trong m$t (ABy). / /XSfcA 

N61 khic dl, MAN 1& tam-gidc vu6ng / ■ ^ 

goc cr A. b N 

Hf-th«rc giCro x, y vA a. Hinh 78 

Trong tam-giic vu6ng-g6c MAN. djnh-ty Pythagore cho ta 

MN* = AM* + AN* 

Nhirng AN* = AB* + BN* 
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B i i S w 



Clio uen 


MN 2 = AM 2 + AB 2 + BN 2 


hay ia 
Ta suy ra 


(x + y)- 
2 xy 


0 0,9 

x~ + cr 4- y~ 


= a 2 , tire & xy = 


2. Vj-tri cua hai m$t phang (ABx) vd (ABy). 

Mat phang (ABx) chtra Ax. The ma Ax thing g6c v6i mlt piling 
(ABy). Vay mat (ABx) thing goc voi mat (ABy). ig 

Tirong-tir, ta cung n6i dirge rang : m5t (MAN) thing g6c vai m2t 
(ABy), giao-tuyen Ik AN. 


3. Trj-so cua do^n HI. 

Vi mat (MAN) thing goc voi mSt (ABy), nen khi ta ha HI thing 

g6c voi mat (ABy) thi HI hoin-to^n nam trong m?t NMA, vk I nlm 
tren AN. 

.. 

Hai tam-giac dong-dang NHI vk NMA cho ta : : 'U 


HI 

MA 


NH 


NM 


hay 


HI 


x 4-y 


Do d6 


Trj-so cua do?n HI. 


HI = 

x + 7 


Ta ha HJ thing g6c voi mat (ABx). Ttmng-ty- nhtr cr phan trtn, 
ta bi£t J nam tr£n MB. 

. • . , , • 

Hai tam-giac dong-dang MHJ vl MNB cho ta • 

21 = E H hay HJ x 

NB MN 7 ~J~ = — 


x + y 


Do d6 Hj _ xy 

x + y 

4 - H <r tren m$t m$t phing cS-djnh. 


Ta biet HI = HJ = 


x +y 


i • x . » jJjHXiH 

* “S* «« >»v «* (ABx), (AB,). V), H „!» 
ojt pUMdio c6Al|d, cui „h|.d„„ vntal 8Se 
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Stf chieu mdt ducrng thang 


12. 1. OjNHNGHIA 

Hinh chi£u thing g6c (hay tru*c~giao) cua di&m A xuong mdt 
phlng P la chin dircrng thing g6c Aa ha tir A xuting P (h. 79). 

( Q) P goi 1 & mqt chieu. A a goi II dirang 

| S dftu dnh . Neu khong c6 gi nham lan, ta c6 

th£ thay danh-tir «hinh chieu thang g6c )J 
j 7p bang «hinh chieu». 

/ N2u A 6* ngoli P thi A khong triing 

/ (C) / voi a . Nefu a dr tren P thi A triing vcri a. 

M§t diem A chi c6 mot hinh chieu a. 
H' nh 79 Nhtrng mot diem a cua P II hinh chi£u cua 

vd-so di£m A vl nhirng difcm A d6 nam tren diro-ng ax thang g6c v6i P. 

H)nh rhifiii run m/it du-bne cone Id auv-tich hinh chieu cda moi dtim 


12. 2. D|NH-LY. ( - , ■"& 

n 

Hinh chiSu cia mdt dircrng thing 
xuftng mdt mdt phlng thircrng thircrpg 

II mdt dircrng thing. j 7 

Coi mot dtrd*ng thang dinh bod hai /_ / 

diSm A, B. Gia-str m3t chieu P khong thing 12 _ a c n a _J 

g6c voi AB. H' n ^ 

Lay mdt diem C trdn AB, hinh chi£u cua A, B, C lan-hrpt II a , 6, c 

A a vl B b djnh dtrpc m§t m?t phang Q thang g6c voi P. Vi the 
dircrng thing Cc nam tren Q. Do d6, c nlm tr£n ab . 





















Bay gib* lay mot diem n tren ab. Birong thing g6c nx v6d P, ke 
tu* n, phai nam trong mat Q, Cc va nx song-song. Trong Q, Cc da cat 
AB nen nx phai cat AB tai N. 

Nhir vay n la hinh chieu cua N. . 

Xem the, bat-cu* diem C nao cua AB cung chieu thlnh mot diem 
cua ab, va bat-cu* diem n nao cua ab cung la hinh chieu cua mpt diem 
N lay tren AB. ■ 

Vay : hinh chieu cua mot dtrong thang th trong II mot dtrong thing 

Khi AB song-song voi P thi n6 song-song voi hinh chieu cua n6. 

Khi AB thang goc voi P thi hinh chieu cua dtrong A chi II mot 
dilm, d6 II trtrong-hop rieng. 

12. 3. OjNH-LY. 

Hinh ehi£u cua hai dtrcrng thing song-song xuong mot mfit 
phlng thircrng thircrng II hai dtrong thing song-song. 

Coi hai dtrong thang song-song AB vl CD B 

khong thing g6c voi mat chieu P (h. 81). Goi —1 D 

hinh chieu cua hai dtrong thang d6 II ab vl cd. i C^r'1 

Coi hai mat AaB6 vl CcDd. Chung song- ! \ I | 

song v&i nhau vi mat no chira hai dtrong thing —[—i- j P7 

dong-qui song-song v6i hai dtrong thing dong- * / * ! * ! / 

qui cua mat kia (AB song-song v&i CD ; A a £_ ° d ' 

song-song v&i Cc). 

Hinh 81 

“ **-*“*■ ■* * 

*»“ H? tEsfig p ““ <"*■ * —« - 

<N*n chr&r.g djnh-1* dSo khong dang). 

18.4. CHU.Y. 8 


C6 m$t da-giac phdng mk dien-tich li cf rU i a * 

"Jf ”* d.-glic „« dS-ui li tlftl 

"*** "**■ *I> b « «*t da-giic vi “ g4C 

Ta c6 cong-thtrc: 


cf* = cf. 


Cos a 
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i • . 

BAl tap 

12. 1. Mudn chiBu m$t hlnh tem*giic ABC xudng mfit mV phing thl phii lam thB 

nao ? Chtrng*minh ring hlnh chiBu cun m$t tnm*giic ABC xudng hoi mV 

song'Song thl bing nhou. 

12. 2. Cho met mft phing nilm ngang H, trSn J6 c6 met diim A'. Ggl A' nhv hlnh 
chigu cuo met diim A xu6ng H. Blit A' thl c6 t)m thfy A khdng ? Bitt 
A'A — + 2 (hni dcrn-vi) th) ci tim thfy A khSng 1 (Lfy clhiu dtnrng tir dir&l Itn trSn). 

12. 3. Cho m$t hlnh binhJuwh ABCD vd m$t mV phing P. Chirng-mlnh ring lunh 
chiBu cun hlnh blnh-hdnh <td xudng P thir&ng thw&ng Id m$t hlnh blnh'hdnh 
A'B'C'D'. Ch&ng*minh ring AA * -f- CC' = BB' -f DD'. 

12. 4. Cho m$t gdc vuong ABC/ vd m$t mV phing P. Gii^str cpnh BA song^song v&i P 

1. C6 thB ndi gl vB dw&ng BA vd hlnh chiBu B'A'cua nd xudng P? 

% 

2. Ch&ng-minh ring B'A' thing gdc v&l mV phing AA'C'C? (C' Id hlnh 
chiBu cun C xudng P). Suy ra ring A'B'C 1 Id m$t gdc vuOng. 

12. 5. Cho m$t tam-giic cin ABC (AB = AC). KB dw&ng cao AH. Ggl P Id m$t 
mV phing ch&a AH. ChiBu thing B vd C xudng P thdnh B'C 1 . Sos6nh 
BB' vd CCTam^glSc AB'C* cd phiI Id tam*gldc cin khdng ? 

12. 6. 1. Cho m$t gdc vudng xOy. M$t doQn CD cd chiBu ddi khdng ddi Id 2d. 
C chay trSn Ox ; D chgy trSn Oy. Tim qu^tlch trung*diim I cua CD. 

2. Cho hal nwa dw&ng thing tryc*giao Ax f By ; AB Id doan thing gdc chung, 
dV AB = a. M$t dlim C chgy trBn Ax j m$t diim D chay trSn By/ cho biBt CD = 21 
(doan khdng ddi). Tim qu9*tich trung-diim I cua CD (nSn chiBu xudng mV trung* 
trung tnjrc AB). 

i V , # 

to An 

Cho m$t hlnh vudng ABCD 6* trong m$t mftt P. Kft b6n nft*a 
dirirng thAng cftng 6* vfc m$t phla efta m$t ABCD vft thAng gdc v6*l 
mftt ABCD. M$t m$t phAng Q cAt b6n dirirng d6 ft* A* B’ C’ D’ <A’ *ng 
vd*l A v.v...). 

1. A’B’C’D* 1ft hlnh gl ? 

Chu*ng-tft rAng AA’ + CC’ = BB’ -f- DD’. 

2. Glft-sft* AA’ bs BB’, A’B’C’D’ 1ft hlnh gl ? 

3. Gift-sir AA’ = CC’, chitoig-mlnh rAng A’B’C’D’ 1ft hlnh thol. 
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BAI ClAl 

1* HifnM/nh c4a t£*giac A'B'CD'. 

Bon dirtmg AA\ BB’, CC\ DD’cung 
thing g6c v&i m^t phang P nen song-song 
v<5ri nhau. 

Coi hai mit phang AA’DT) vi BE' C’C 
chiing song-song voi nhau vi mjt no c6 
ch<ra hai dirong thing dong-qui song-song 
v&i hai dirorng thing dong-qui cua m|t kla 
(AA’ song-song v6i BB'; AD song-song v&i 
BC, c^nh cua hinh vu6ng). 

^ M^t Q cat hai mit song-song n6i trfcn 
B’C, n£n A'D' song-song v&i B’C\ 

Tvcrng-tyr. A'B' song-song v6i D’C'. 

Tir-giac A B C D' c6 cac c$nh song-sc 
hinh binh-hanh* 


H^th<rc AA' -f CC' = BB' + DD'. 

Gqd O, O' li tim d5i-x{rng cua hinh 
binh-hanh A'B'C'D'. 

Trong hinh thane AA'C'fL OD' u 


Trong hinh 
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Goc cua mot cttf’df’ng thang 

va m6t mat phang 


3 

•: TrJ; 


13. 1. OfNHNGHIA. 

Goc cda mot du-o-ng thing vd mot mat phlng Id g6c nhon tao 
ben diromg do va hinh chifc'u cua no xuftng m&t ph&ng. 

Trircrng-hap rieng 1. NSu du-o-ng ,D song-song vd-i mat P thl 

goc ciia D va P 0<\ 

1 " • • /' »’ ‘ }' 

Trfng-hpp rieng 2. Nfeu du-o-ng D thing gdc vd-1 mat P thi 

Inh chifeu cua D la mdt di&m ; tuy nhidn, ta cu- ndl : G6c cua D vd 

P Id 90O, vi D thing g 9 c vd-i mol du-o-ng thing b- trong P dl aua 
chftn n6. M 


* 

3 


4 * 

a “i 


(13.2. OJNH-LY. 

, , G6C '“I™’‘ dXriraa th&na v * “** Ph^ng thl nhd h<rn gdc 
cua du-o-ng thing dd vd-I bit cu- du-d-ng ndo kl trong mdt phlng 

kh6ng song-song vd-i hlnh chlfeu eda du-d-ng ndl trim ’ ? 9 

Bird-ng thang D cat mat phang P tai O. I 

L2y mot diem A tren D, roi ha AH 
thing g6c vo-i P. yt 

D/y 

Goi d 14 mot du-o-ng thing bit ky trong / _ 

P vd khong song-song vd-i hlnh chieu OH /°<«V---A-dIP7 
cua D. / \ H / 


G6c nh 9 n AOH = a 14 g6c cua D vd P. 


Hlnh 85 


Kd Ox song-song vdl d . Ox d V „g trong P „ ,77 
Ox. G6c nh 9 n AOK = 0 14 gdc cua D v4 d ‘ ' thang g6c v&i 

Tay hay chu-ng-minh ring a < jS> 






































Hai tam-giac vuong g6c AOH vi AOK cho ta: 

AH ax 

sin a =- ♦ sin 8 — _ 

OA OA 


Nhu-ng vi AH < AK (doan thing g6c vi doan xien 

phing P) nen ta suy ra: 


av* # • v/i 

aoi voi mat 


hay 


AH AK 

~OA < OA 
sin a < sin 8 


(a va /9 li hai g<$c nhon). Do 46 a < 8. 

Chu-y* tg a = p goi la d6 d6c ciia D d6i vo*i P. 

13. 3. LTNG-DMNG. 

Cach tinh chi£u dai hinh chi&u cua mot doan xuong mot m£t 

ph&ng. 

Mpt doan AB chieu xuong mSt phang 
P thanh A’B'. Gpi g6c cua dtrcmg thang AB 
vcri mit P & a. Ta hay tinh A’B' thco AB jj 

vi a (h, 84). 

Ha AH thang g6c voi BB\ Tam-giac z' V 

vudng g6c AHB cho ta: / 

AH = AB . cos a 

Nhirng AH = A’B’ (chtr-nhit AHB’A') Hinh 84 


Hinh 84 


n£n 


A’B’ = AB . cos a 


bAi tap 

13. t. Cho mot gSc nhon xOy. P l» mpt m!)t phtng ehtra Oy mi khong chits Ox . 
Tren Ox, ta ISy mot ditm A, vi chiiu A xuSng P thinh A'. Tren Oy, ta Uy 

mpt <fihm B mo cho OB — OA _ 

So-sinh hai tam.giic AOB vi AO A'. K&.lu$n gl vi hai g6c AOB, AO A'? Tim 
l.i djnh-ty dl hoc trong bii’ 

13. 2. Cho m$t gdc xOy & trong mil phSng P. Ta ki do&ng phan-glic Oz cua gdc 
d6 rSi vi mft phtng Q ch&a Oz vi thing g6c v&i P. Cgi A li mpt ditm & 
trong Q. Ch&ng-td ring do&ng OA tgo v&i Ox, Oy nhirng gdc btng nhau. 
















13. 3. Cho mpt tam-giac deu ABC. M$t m$t ph&ng P chtsa BC nhirng khong ch&a 
A. Cia-sCr hinh chieu cua ABC la mpt tam-giac A'BC vuong goc & A'. Hay 
imh goc cua dw&ng cao AH va cua c$nh AC v&i m$t P. 


13. 4. Cho mgt hinh vuong ABCD ma c?nh la a. Tren dir&ng thSng goc v&i m$t 
hinh vuong ke tfr A, ta lay <fo^n AS bSng AB. 

mm 

1. Ttnh goc cua SB, SC, SD v&i m$t hinh vuong. 

2. Tinh difn-ttich toan-phSn cua hinh thip SABCD (theo a). 


TO AN 

Trong mot mat phing P, cho mit g6e xOy. Goi Oz 1& mit n£ra 
dirdmg thing phAt-xuSt tip 0 vi khing nim trong P. TrAnOz, ta 

V m?t diiSm A. Chife'u thing difem A xuong mit P thinh A’, xuSng 
Ox thinh M, xuong Oy thinh N. 

1. Tfnh tr|-so cua mdi g6c OMA% ONA\ 

• 9 « 

2. Cho biSt xOz = yOz = a (« la mit g6c nhon). 

Chfrng-ti ring OA’ li du-o-ng phin-giie cia gic x'oV. 

5. Van cho xOy = ^z = a <« nhon) vA cho thim ioV = 90°. 
C 9 . g6e cua du-crng thing Oz vdd mit P li p. Chu-ng-ti ring. 

cos 0 = y' 2. cos a 

Khi a = 60o thl £ bao nhiSu ? 

* V * v * m 

bAi giai 

1* Trj-JO cua moi g6c OMA', ONA'. 

AA’ thing gic vii mit phing P 
nen AA’ trye-giao vii m<?i du-crng thin g 
d(rng trong P. N6i rieng ra, AA’ tryc- 
giao voi OM, ON va thing g6c v&i OA’. 

OM vira thing gic vii AM, vira 
tryc-giao vii AA’ nen OM thing gi c 
vai A’M, canh thir ba cua tam-giac AA’M. 



Hinh 85 

























N6x khac di> g6c OMA* \k mot g6c vu6ng* 


Tiro'ng-ty, g6c ONA’ cung li m$t g6c vudng 


. -•* OKS 


2. Diromg ph&ngiac cua g6c xOy. 


Coi hai tam-giac vudng g6c AOM vi AOH. Chting c6 canh huyen 

OA chung va g6c nhpn & O bSng nhau (xO z = yOz theo gia-thiet). 
Vay chung bang nhau v4 ta suy ra OM = ON. 


Coi hai tam-gidc vudng g6c A’OM vi A’ON. Chung c6 canh huyen 
OA’ chung v4 OM = ON. V$y chung bang nhau vk ta suy ra 


MOA’ = NOA’, 


Do dd, OA’ 14 dircrng phSn-giac trong cua g6c xOy. 


3# Hfthirc gifra a vi ft 




% • 

G6o cua dirdug OA voi mSt P g6c nhpn hap bdi OA v& hinh 
chieu OA' cua n6 xuong P* V2y AO A' = / 9 . 


Trong tam-gidc vudng g6c AO A', ta c6 : 


cos (3 = 


OA' 


OA 


Trong tam-gidc vudng gdc AOM, ta c6 : 


COS a = 


OM 


OA 


Suy ra 


cos /3 


cos a 


OA' OM 

_ ♦ • 

OA ' OA 


OA' 

OM 


Theo gia-thilft thl xOy = 90®. Ttr-giic phihg OMA’N c6 ba g6c 
vudng ir O, M. N v4 hai canh U£n-tii£p blng nhau, nen n6 14 mdt hinh 
vuong v& ta suy ra 

OA’ = OMV 2 - 


8$ 
l •»*>. ' 
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Vay 


COS (3 


OA* 


COS a 


OM 


OM^2 

OM 


V2 


Vi 


COS /3 = \/2* cos <x 


Khi a = 60° thl cos a = 1/2, do d6: 


cos /3 = >/ 2. -L = 

2 2 


== cos 45°* 


/9 li g6c nhpn, ta suy ra /3 = 450. 
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14. 1. 0|NH.NGHIA. 

1. PHEP BOI-XITNG QUA MOT BllM. 

Cho mot diem co-dinh O. Goi M la mot diem bat-ky. Noi MO roi 
keo dai mot doan OM' = MO (h. 86)* 

M’ goi la diem doi-xxrng cua M qua tdm O* O la tam doi - xirng. 

t&m O khi O Ik trung- 


Hai di&m M, M’ gqi la doi-xu*ng nhau qua 
difcm cua doan MM’. 

Neu M vach nen mot hinh (F) thi M vach nen 
goi hinh dfii-xtrng cua (F) qua tam O. 


2. PHEP BOI-XU*NG QUA MOT TRUC. 

Cho mot dircmg thang co-dinh D. Goi M la me 
MH thang g6c veri D roi k£o dki MH mot doan HM 

M’ goi \k dilm dfii-xu-ng cua M qua true D. E 

Hai difcm M, M’ goi \k doi-xu*ng nhau qua tru< 
tpung-tru*c cua doan MM’. 

Neu M vach nen mot hinh (F thi M 9 vach nen 
crr\i IX U'*~U AAi-nrnd nua (F) Qua trUC D. 



m 


3. PHEP eOI-XtVNG QUA MQT MAT PhAnG. 

Cho mot mat phang co-dinh P. Goi M la mot diem bat-ky, Ha MH 
thang g6c vcri P roi k£o dM mot doan HM’ = MH (h. 86)* 

M' goi la dztm doi-xtrng cua M qua mat P ; P goi 1& m£t doi-xirng. 

Hai di&m M, M’ goi lit d6i-xirng nhau qua m&t phSng P khi P 1& 
m&t trung-tru*c cua doan MM’, 5 j 

Nett M vach nen mot hinh (F) thi M’ vach nen mqt hinh (F’). (F*) 
goi la hinh dfii-xfrng cua (F) qua mat P. 

14. i. OIEM KEP CIJA PHEP OOl-Xt/NG. 

Trong moi phep doi-xtrng da n6i tren, neu M’trung vcri M thi ta 
n6i rang M la mot di$m kep . 

Trong ph^p doi-xtrng qua diem O, chi c6 O lk diem kep mi thoi. 
Trong phep doi-xu-ng qua true D, c6 v6-so diem kep nam tren D. 
Trong ptep doi-xtrng qua mat P, c6 vo-s6 diem kep nam tren P. 


14. 3. HINH OOI.XI/NG NHAU. 

Nhtrng dieu ta n6i sau day c6 gia-trj trong Hinh-ht?c khong-gian: 

1. Hai hinh diii-xu-ng nhau qua mot di&m khong this chiSna khft 
l£n nhaii diro'c. 

Da khong chong khit, chung khong dtroc coi li bang nhau. Coi hai 
ttr-di''n ABCD va AB’C’D’ doi-xtrng 

nhau qua A, chung c6 cic phan-tir 

bang nhau (canh, g6c, mat v.v...) . D 

nhirng khong the chong khit len nhau A\ 

dtrac. ■ ■ / t \ .' 

2. Hai hinh di>i-xirng nhau qua / _\ 

mot true co this chiSng khit 14n nhau / > 7 / 

diro-c. >-- B \ \ jj 

That vay, ngtreri ta c6 the de (F) \t/ 

chong khit l£n (F’) bang m6t phdp TD’ 

quay 180° qttanh true d6i-xtrng. Hinh 87 

, Hai hinh dhi-xii-ng nhau qua mdt mflt phfSng khdng chiSng 

khft I6n nhau diro*c. 

Thi-du: Qua mat gtrcrng phlng, hinh cua tay trai 1& tav ohai. 
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14. 4. tAm, trvc mAt doi xung cCia mqt HINH. 


1. Khi tlnrc-hifen phep d6i-xi>ng qua mot di$m O, m& hinh <F> 
bi^n nga Y thanh ehinh no thi ta noi rSng (F) nhdn diSm O lam tarn 

doi~xu*ng. 


Thi-du: Tam cua mot hinh cau la tam doi-xumg cua cua hinh d6. 

2. Khi thirc-hidn phep doi-xvrng qua mot du-crng th&ng D, ma 
hinh <F) biSn ngay thanh ehinh no thi ta noi rSng <F> nhdn diro-ng 

th&ng D lam true doi-xirng. 


Thi-du : Bircmg cao cua mot tam-giac can true doi-xumg cua tam- 
giac d6. 


3. Khi thu*c-hien phep doi-xu*ng qua mot mat ph&ng P, mh hinh 
(F) bi&n ngay th&nh ehinh no thi ta noi r&ng (F) nh&n m&t ph§ng P 

lam m&t doi-xu*ng. 


Thi-du : Mat phan-giac cua mot nhi-dien la mat doi-xirng cua nhi- 
dien d6. 


BAI TAP 


14. 1. Ch&ng-minh ring diem doi-x&ng cua tri/c-tam H cua met tom-giic ABC qua 
dc cgnh thi 6- tren vong ngoai-tiip v&i tam-giac do. 

Cpi O la tarn vong, R i'a bin-kinh vong, X la doi-x&ng cua H qua BC. Ch&ng- 
minh rang : OH 2 = R 2 + HA X HA'. 


14 2. Cho mgt tam.dien ha gdc vuong Sxvz- CM tarr-dign king mqt m$t phing^ thi 
dirgrc mgt thiet-dign tam-giic ABC. Chieu thing diim S xuSng mit ABC 

thanh H. Ch&ng-minh ring : 

1. H la trpe-tam cua tam-giic ABC. 

1 1.1,1.. 


SH 2 


SA 2 + SB 2 + SC 2 


14. 3. 


% 

Cho mgt hinh vuong ABCD, cgnh a. Tren dm&ng thing gdc v&i m$t phing 
ABCD, he tCr A, ISy AS = a. Coi hinh th6p SABCD. 

1. Ch&ngAo ring SAC la m$t phSng d6Ux&ng cua hinh thdp SABCD. 

2. Ch&ng46 ring ede m$t SAD, SAB, SBC, SOC la nhCrng tam-giSc vuong gdc 

3. . Tlnh di$n't1ch toan+phlin cua hmh th6p SABCD. , 

4. Tlnh s6 do cua hai nhj'dipn c$nh (AB) va c$nh (SC). 


•mw 
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14. 4. 1. Cho r^dt hinh tir-cier. 4 BCD, trong co 46 — CD, ^C = BD. So-sanh 
~3; isrr.-gisc ASL S'^D. So-sarh hai isr~-giac -{BC, AlD. Got /, J la trung- 
cOm cua AD, SC. Co the not gi ve hai iam-giac BCl, ADI ? j 

Goc cua U v&i AD va BC la bao nhieu ? ' 

2. Che met ec$n !J. Tren mgi ctr&ng thing gocv&t iJ ke tir Clay I A ~ ID. 
Tren mot <Tu&ng thing goc v&i IJ ice tL- J, lay JC — JB. 

Cia sir AD khong song song v&i BC. Ch&ngAo rang AB — CD va AC — BD 
hang each dung str coi-x&ng cu3 mgt cir&ng thing. 






14. 5. Cho met tjr-dign SABC, trong co 54 = SB = SC = a va ASB — 90ft, 

ASC = CSB = 60ft. 

1 . Tinh cac c$nh cua tam-giac ABC. 

2. Ch&ngAo ring SC va AB trirogiao v&i nhau. 

5 . Tin nh&ng mat trungAn/c cua AB va SC. Tim nh&ng m$i doTx&ng cua t&- 




dipn SABC. 

4 . 77 m tnjc c 5 i-x&ng cua i&-di$n SABC. 


TOAN 




■c.‘ 


Cho hai tam-giac can MAB. PAB. day ehung la AB = 2 a, chi£u 
eao la MI = PI = x. So donhf-dien <M. AB. P) la 60o. 

!' ^^ n 9 -t 6 p&ng AB va PM tpire-giao von nhau. Goi J la truna- 

dS !“r t hU Z’*- t !.-' 4n9 W 41,41,9 g6c V<H AB< Mp * va IJ la true 

aoi-xirng cua hinh tir-dien A BMP. 

Tinh IJ theo x. 


2- Tinh theo a va x, thS-tich eua khoi tir-di^n ABMP va ve 

.^X’" ■' b “’"' bi * n kU * <b*T 

« rr^ 1 »■ T, " h - • 

— la 60o. 




hinh eSungoai-ti^peua^S-^difn ABMP^^'" n6itp4n lk 60 °’ tim 


bAi ciai 






1. Phu-ong cua AB v* PM. 

« ; 

AB thing goc voi hai canh PI va NTT ^ 
trtfe-giao voi PM, canh th* ba cua tam-giac do. ^ ^ 








Cung viAB thang g6c voi mat phangPIM nen AB thang g6c voi IJ, 
mot dtrong nam trong mat do va - 

di qua I. PIM la mot tam-giac can p 

dinh I, trung-tuyen IJ dong-thoi la 

dtrong cao, ngbia \k IJ thang gdc s'/ / \ 

voi PM. s' -/ / //jV 

T6m lai, IJ la doan thang g6c 7 [s' \ 

chung va dtrong trung-trtrc chung 'A<“- /y '■ 

cua AB v* PM. y' 

Tryc doi - xu*ng cua tu^difn 
ABMP* g 

IJ & trung-tru-c cua doan PM; 

nhu* the, P v* M doi-xu-ng voi , __ 

Hmh 88 

nhau qua dtrong IJ* 

IJ cung )k trung-tru-c cua doan AB ; nhtr the, A vi B doi-xu-ng 
voi nhau qua dtrong IJ. 

V$y, IJ 1& true doi-xu*ng cua ttr-diSn ABMP. 

Chu thich. Ttr-dien ABMP c6n c6 hai mat doi-xu-ng & PIM vk AJB. 


, PIM \h mot g6c phang cua nhi-dien (M, AB, P).- Vi the ta c6 

i>IM = 60° (theo gia-thiet, so do cua nhi-difn Ik 60°). PIM \k mdt 
tam-giac can, nay c6 mot g6c bang g6c 60°, nen n6 th^nh mot tam-giac 
deu mk canh & x. Suy ra f ?: 


2. Thfetich cua khoi ABMP* 
The-tich m cua khoi AIMP \k 


ThS-tich Of cua kh6i ABMP \kQ^ = 

aa _ axV3 _ aV3 T s 























D6 la mot ham-so bac hai cua x. Khi x biei 
thi 02 dong-bien tir 0 den + oo. 

Btrcrng bibu-dien mot nira parabol nhir o' 

3. Goc phang cua nhj-dien (A, MP, B). 

Hai tam-giac can PAB, MAB bang nhau, 
canh day \k AB = 2 a, cac canh con lai Ik 


Trong tam-giac can PBM, (dinhB), trung- 
tuyen BJ cung \k dirang cao, nghia la BJ 
thang g6c BM. Tirorng-ttr, AJ thang goc 
vo*i BM. 


.om «.u<i mnn cau Aqua bon di£m ABMP) 

Ta goi O 14 trung-diem cua doan IJ. 

IJ 14 trung-truc cua AB v4 PM O o 
= OM. 

Hai tam-gi 4 c vuong g6c OIA v 4 OTP 


lasuyra OA = OP 
Nhir the thi OA = OB = 
V4y O chinhl4 tam ctia t 


wu n 2°?i-tiep cua tu-dien ABMP, 
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T O AN 

v ^ 

M6t dircrug thing x*x thing goc van mot m&t phlng P co-dinh 
tai di£m S eo-dinh. Tpong P. eo mot dirdmg thing eo-dinh y’y khong 
qua S. Ta eoi goc vuong dinh S quay quanh S va nlm trong P. Hai 
eanh cla goe do elt y*y tai B« C. 

U Goi A la mot di£m eo-dinh trln x*x. Co nhln-xet gi v£ hinh 
tam-diln SABC ? Ch\rng-to ring : 

AB2 -J- AC? — BC- la mot hlng-s6. 

2. Ha SH thing goc vo*i mat phlng ABC. Chvrng-minh ring H 
la trvrc-t&m eua tam-giae ABC 

3. Goi B* va C* la chin nhirng dirorng eao ketirB va C cla tam- 
giac ABC. Quy-tieh eua B\ C*. 

4 . Goi K la diem doi-xirng eua H qua y'y. K eo nlm trdn vong 
ABC khong ? Quy-tieh eua tlm vong ABC. 


bAi giai 


1. Hinh-tmh cua tam-giac SABC. 


AS thing goc vdi m|t phlng P 
tai S nen AS thing goc voi SB, SC 
(hai dirong thing nim trong P va di 

qua S). BSC = 90° theo gia-thiet. 


Ta suy ra ring SABC la mot tam- 
difn ba goc vuong. 


Bitu-tturc AB 2 + AC 2 — BC 2 . 



Ap-dung djnh-ly Pythagore vac ba 
tam-giac vuong g6c ASB, ASC, BSC, ta c6 : 

AB 2 = AS 2 + SB 2 
AC 2 = AS 2 + SC 2 
BC 2 = AS 2 + SC 2 

Do d6 AB 2 + AC 5 - BC 2 = 2 AS 2 (= hang-so). 


Hinh 90 





•Ta 


2. Tryc tam cua tamgiac ABC. 

Khi ta ha SH thing voi mat phlng ABC thl H 14 diem cS-dinh 

(vi S, A v4 y’y co-dinh). Ta hay chmng-minh rang H 14 trirc-tam cua 
tam-giac ABC. 11 cua 

SH thing g<5c v<M (ABC) nen SH trirc-giao vo-i BC. 

AS thang goc voi (SBC) rien AS trirc-giao v6i BC. 

BC vira trtrc-giao voi SH, vira trtrc-giao voi AS nen RP t ui 

Mi ° h b ” hai <l “ g ‘ q "' AS ' SH) * 

AH (hav AA,) - N6 ‘“ fc * ah * -* 

Ta noi CH, cat AB 6* C Ch i . v 
(hav CC’l la mnt a a • Chirng-tninh giong tren, ta bigt ring CH 

v y ) la mot dtrorng cao cua tam-giac ABC. * n 

H Ik giao-diem cua hai diromz ran tr^r, «. ,, . 

tryc-tam cua ABC. g ai ^-giac ABC, nSn H h 


3. Quy-tfcli cua B' vd C'. 

. i .■ * * * ’ * \ 

Trong mat phang A y’y, hai diem B’ v4 C’ „v,i a 
du-6-i m$t g6c vuong. Quy-tlch chung cua B-v4 Pu T AH c5 ^ al 
kinh AH dtrng trong mat phlng A y’y. v6ng dtrtmi 

P- J\t n * aHn ' Xit f “ ng khi C tign t<H A’ thl »P 
c txlfn t(n A, v4 B’ ti?n t&i H. “ B tien ra xa vo-cyc 

4. VJ-trl cue K. 

I r ' - . 

H if* DO , K . a diSm dfi *-wHig cua 
^ qua^ BC (tire 14 qua y’y). T a ^ 

= (g6c nh<?n canh thing g6c), 

Bi^= Bj (d6i-xu-ng qua y’y). S uy ra 

B 2 = Aj. Tur-giic chio BKAC c6 hai 
g6c dSi blng nhau, v $y n 6 n $i-ti£p 

d 7 c trong m$t v6ng tr6n. N61 khlc di 

m L _ 











Quftfch cue O# 

. 

A vi H co-djnh, y'y cung c6-djnh. 

1 ’A • *T 4 i' * n < a 

K la diem ddi-xu-ng cua H qua y'y ntn cting c6-djnh. 

Vtmg tr6n O liru-d§ng trong mSt phSng A y'y v* qua hai di£m c6- 

djnh A,K. O each dcu A vi K nSn quy-tlch cua O li dtrdmg trung-tr^rc 
cua doan AK, dyng trong m5t phSng Ay’y. 





































Hinh lang-tru 


15. 1. DjNH-NGHIA. 

1. Mat lang-tru la mat gay nen bod mot dircrng th&ng A chuy^n* 
dong theo hai di£u-kien i 

— A song-song vcri mot phircrng d. 

— A dira vao mot da-giac ph&ng (G). -A 

Mat phang cua (G) tire ABCDE d// V / \ 

khong chtra d va khong song-song vo*i d . 

A goi ladircrng sinh. (G) goi l«i dircrng / \/ ^ / / 

chu&n. V /MG) /\/ 

/V-—7D 

Nhtrng dtro-ng nhir AA' goi la canh. / 

Nhtrng giai nhir (AA', BB') goi la mat. \ / 

2 ♦ Dung mot mat phang khong song- /^7 D ’ 

song y&i d de cat mat lang-tru thi diro-c 
mot thiSt-difn ph£ng. H}nh g2 

»* ,”S'4 hl ” 8 s4e ■* 4 48 d * “*• «»*•«* * toTc 

s “' s,n “” 4 ‘ “ 

H«'hlh-dl!. g,m iiy.MUm M. U m$t hid, binh-hJnh. 

Nhirng doan nhir AA gpi 1£ ca/iA 

% 

Khoang-cach gi&a hai day goi 14 chieu cao. 

4 Hinh lang-tru du-ng la m6t hinh lang-tru trong do cac canh 
M ” th4ng 800 v< ” Moi mat ban » m 6t hinh ch*-nhat. 

5. Hinh lang-tru dSu la m6t hinh lana a .- 

la mot hinh da-giac liSi dSu. Cac mat bai T h 9 9 " d * Y 

bftng nhau. ' ^ “ nhlrn 9 hinh chfr-nhat 
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6 . Hinh Idng-tru cut la mot co-th§ gio*i-han bo 4 ! mot mat I&ng- 
tru va hai thiet-dlen phang khong song-song. Moi m&t ben 1& m^t 
hinh thang (doi ^ hi la tam-giae). 



15. 2. OfNH-LY. 

Hai thi£t-di£n phlng song-song cua mot m&t lang-tru la hai 
da-giac bang nhau. 

Cac canh ben nhtr AA\ BB\.. bang nhau vi chung li nhxxng doan 
song-song chan boi hai mat phang song-song (h. 92). 

Do d6, cac mat nhu* ABB'A li nhtrng hinh binh-hinh. Suy ra 
AB = A'B’, BC = B'C' v.v... 

H?:i g6c nhu* ABC vi A'B'C' v.v... c6 canh song-song cflmg chieu 
nen bang nhau. 

Do d6, hai da-giac ABCDE vi A’B'C'D’E' bang nhau vi n6 cic 
canh bang nhau doi mpt, ke nhirng g6c bang nhau doi mot. 

Ta c6 the mang hinh ABCDE den chong khit vou hinh /^B'C'D’E' 
bang ph£p tinh-tien theo vecto' AA\ 

15. 3. H^LUAN. 

Hai thi£t-di6n thing c£ia mdt mfit Idng-tru la hai da-gidc 
blng nhau. 

Thit viy, hai thi£t-di£n thing at phai song-song. 

Hai thi£t-di$n thang song-song phai blng nhau theo d}nh-ly tr6n. 

15.4. 0|NH~LY. 

• . , ■ * 

Didn-tich xung-quanh cua mdt hinh idng-tru blng tich-so mot 
canh bdn v6*i chu-vi mdt thi£t-didn thing. 











Coi hinh iSng-try ABODE A' B’ O’ D’ E’, g<?i thtfft-di$n Mng fc 
MNPQR. NhCrng do^n nhtr MN thang g<5c vai c$nh ben AA', BB' v.v... 
Ta rach hinh lang-try theo canh ben A A’ rbi giai ra tr£n mot m$t phlng. 
Nhir the gqi 1& khai-tri$n be xnjt xung-quanh cua hinh l&ng-try, 

Di^n-tlch xung-quanh cua hinh 4ng-tru b$ng tong-so di$n-tich 
nhirng hinh binh-h^nh nhtr ABB’A\ 
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a, di?n-tfch xung-quanh c f. 


+ o.RM 

a x (chu-vl MNPQR) 


15.5. H$.LUAN. 

•\' 

Khi ta g$p m$t hinh tingAnj effing thl etch tin 

Dldn-tfch xung-quanh ctia hinh ldn< 
vi d6y vo*l chi(5u d^l m6t canh bdn (tiS*c 

bAi tap 

« X 

15, 1. Coi m$t mft ling.trg md dir&ng chudn Id 
phing P dt b6n c?nh bin cua m$t IdngA 

1. ChfingAd ring A'B'CD' Id bon <tlnh < 
cua hinh blnh-hdnh ndy Id 0 7 . 

x 2% Cp/ tSm ct5a h ‘ nfi b <nh'hdnh A BCD Id 

OO' vd cic c*nh cua ro$f ling.trg ? 


gl vi phtro-ng ctia 
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15. 2. Cho mpt hinh vuong ABCD. Tir c6c dinh, ke nh&ng dw&ng th$ng goc v&i m$t 
cua hinh vuong. Nhtr the, ta dtrQ’C mpt m$t ISng'trg (L). Tren DA, keo dai ve 
phia A, lay mpt do?n Al = a. Tren CB, keo dai ve B, lay mpt do$n BJ = b• 
Mot m$t phSng IJ cat (L) theo mpt t&'giac A\B\C\D\ (bon chir do &ng v&i bon chir 

ABCD thco th&4i/). 

1» A\B\C\D\ la hinh gl ? 



Chung-minh rang 


AAj 

a 


BB i 
b * 


3. Goi trj'SO chung cua hai tCso do Ih k, gia-sir AB == 1, tinh c6c c$nh 
cua t&'giac A\B\C\D\. 


15. 3. Cho m$t hinh ISng try d&ng, d&y tam'giSc ABC A'B'C'. Cho bi$t 
AB = AC = 1, BC = V 3, AA' = BB' = CC' — 3. Tren BB', lay Jo$n 
BD = x (x <C 3). Tren CC', ISy do$n CE = y (y <T 3)t 

1. Tinh theo x va y nh&ng c$nh cua tam*gi6c ADE. 

11 

2. Cid'S& x = -/ tinh y d£ cho tam'giSc ADE vuong g6c 6- E. 

4 

3. x va y khong d$C'S$c, tim h$'th&c gifra x, y d£ cho tam*gi6c ADE vuong 
goc & A. Tinh y theo x ;x co th£ bien-thien trong khoang nao ? 


TO AN 

Ngtrcri ta coi mot mat l&ng-tru L. Khi n6 c&t b&ng m6t mat 
ph&ng P thSng g6c v6*I cdc canh b£n thl thi&t-dien ia mdt hlnh chu* 
nh&t ABCD, canh ia AB = 2a, AD = a. 

1. Mot mat ph&ng Q chira AB c&t mat iang-tru* L theo m6t hlnh 
ABC’D’. Chirng-t6 hlnh d6 la mot hinh chu*~nhAt. Tinh CC’ dfc cho hinh 
chir-nhAt dd la ;hlnh vuong. 

2. M6t mat ph&ng R di qua A c£t mat iang-tru L theo hlnh 
AB’C’D’. AB’C’D’ ia hlnh gl ? Ngircri ta ltfy ciing mdt chifcu diro*ng 

cho cac canh bfin cda L. BiSt r$ng CC* = x, hay tinh b¥’ vd DD’ khi 
AB’C’D’ ia m6t hlnh thoi. D|nh x dfc hlnh thoi AB’C’D’ n&m h&n vS 
mdt ban cda ph&ng P. 


















1. Hinh-tfnh cua tuvgidc ABC'D'. : 

Hai mat piling ADD' vd BCC’ song-song v&i nhau vi m$t np chtra 
hai dtr&ng thing dong-qui song-song t 

v6*i m3t kia : AD song-song v&i BC ; ?- -F* 

DD' song-song v&i CC\ / ® / 

Mat phing Q cat hai mSt song- / X _ 

song n6i tren, n£n hai giao-tuygn AD’, D 

BC' song-song v&i nhau. - ^ 

• ® 

Ho*n nu*a, mat phing Q chu*a AB H)nh 95 

fc’ ^ song-song v&i m£t phing 

DCC D'. Q clt mat d6 thco dir&ng 

D C\ nen D’C’ song-song v&i AB. 

f\ / Tu*-giic ABC'D’ c6 nhCrng c$nh 

. //n- -A-7 C son &- son g mpt, n6 II m$t hlnh 

y binh-hlnh. 

A p^ -£ AB thing g6c v&i BC vd trvrc- 

giao v&i CC n2n AB thing g6c v&i 
ll,nh 96 BC ’> thu* ba cua tam-gidc BCC'. 

Hlnh binh-h4nh ABC'D’ c6 m$t g6c vudng, nin n6 14 mAt hlnh 



M$t chieu cua chtr-nhft 14 AB = 
2a, chifcu kia la BC'. M§t diiu-ki^n dt 
c6 vh du d£ hlnh chtr-nhlt ABC'D’ tr& 
thanh hlnh vudng la BC' = 2a. 

« i 

Tam-gi4c vudng g6c BCC’ cho ta: 
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Hinh hop 


16. 1. OINH.NGHIA. 

1 . Hinh h&p (hay kh8i binh-h&nh) Id m6t hlnh ISng-tru mi ddy 
la mAt hinh blnh~h&nh. 

Nhir v3y hinh h$p c6 6 mdt cung Id hinh blnh-hdnh ca, m|t ndo 
cung dung l&m day dirge. 
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2. Khi d^Y th&ng g6c v6*l c£c canh bAn thl ta diro'c hinh hAp 
dirng. CAc mAt bAn IA nhtrng hinh chir-nhAt. 

3. Nfe'u hinh hAp dirng lal c6 dAy chfr-nhAt thl ta dirge hinh 
hAp chu*-nhAt (hay kh6i ehir-nhAt); 0 mAt chng IA hinh chir-nhAt cA. 

4* Hinh IAp-phiro*ng IA mAt hinh hAp chir-nhAt mA 0 mfit 
IA 0 hinh vu6ng. 

t • . » . , . i 1 , , . • p • 1 

16. 9. TINH-CHAT. 

/. Hinh h$p c6 12 canh chia 1dm ba nh6m : mol nh6m gom c6 4 
canh song-song vd bdng nhau. 

2. Hinh h$p c6 6 mjt chla 1dm ba nh6m : m6i nh6m gom hal m?t 
song-song vd bdng nhau. 

3. Hinh h$p c6 b6n dtrfrng chio cdt nhau tai trung-dilm ciia 
mol dirdrng. That vdy (A. 99) : 

Trong hinh blnh-hdnh ADGF, DF cat AG tai trung-diem cua 















Trong hinh binh-hanh BCHE, BH cat CE 
m6i doan. 

Trong hinh binh-hinh DBFH, DF cat BH 
tai trung-difcm cua moi doan. 

Ta suy ra rang bon d trong ch£o DF, AG, 

BH, CE cat nhau tai trung-diem O cua chung. 

O goi la tam cua hinh hop . D6 la tam doi-xtrng 
cua hinh hop. . 


16.3. OJNH.LY. E F 

Trong hinh hop chir-nhAt, binh-phiromg Hlnh 99 

r6ng d cao) 1 ^ Ch<§ ° b ** n9 t0ng " s ° binb - phiromg cua ba chifcu (d&i 

Trong hinh tam-giac vuong g6c HEF, ta c6 : 1 

D_c Hp2 = EH 2 + EF 2 

a /\\ / Tron S hinh tam-giac vu6ng g6c DFH, ta c6 ; 

I \ “ DF 2 = DH 2 + HF 2 

| ¥ = DH 2 + EH 2 + EF 2 

„! \ DF = d, EF = b, FG = c, 

"''b/c BF = a, ta dtrpc 


Hinh-100 I ^ -r D + C 

Cong-thuc tren dp-dung v4o hinh lap-phirong cho ta 

d 2 = a 2 + a 2 + a 2 = 3 a 2 

hay I A - 


cua 


16. 4. OCTN-VI THl.TfCH. 

Bcrn-vi thl-tlch 14 the-tich 
dan-v} chieu ddi. 


CJa hinh ISp-phtro’ng m4 canh bSng 
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Neu dan-vi chieu dai la met thi dom-vi the-tich \k the-tich cua hinh 
lap-phtromg mk moi canh Ik I m6t (goi tat Ik m€t khoi). 


16. 5. THE-TICH CUA HINH HQP CHIT-NH^T 

Gia-su* ba chieu (dli, rong, cao) cua hinl 
dom-vi. 

Ta c6 the chia chieu rong lam a phan, 
chieu dai lam b phan, va ta dir^c (a . b) hinh 
vudng, canh Ik. mot do*n-vi. 

Chia chieu cao l£m c phan, roi ke nhirng 
mat phang song-song voi day, ta dirge c 

r 

tang, moi tang c6 (a . b) hinh lap-phtro'ng, 
v|y hinh hop chira (a . b . c) hinh llp-phtrong. 

N6i khac di : 

The-tich cilia hinh hop chir-nh&t bang 
tich-so ba chi£u: 


Ta co th& vi£t V = <ab) . c va va noi s Thfc-tich cua hinh hop chir- 
nh^t bang tieh~so diSn-tieh dtky v<H chifcu cao. 

Ta cong-nh&n p&ng dinh-Iy trfcn van dung khi s6 do ba chifcu 
1& phan-so hay 56 vd-ti. 


16. 6. CONG-THI/C OE TINH THE-TICH CClA HINH LANG~TRU 

Thfc-tich cua hinh I&ng~tru b&ng tich-sd' diSn-tfeh ddy voi 
cao hofic difn-tich mot thiSt-diSn thing voi chiSu dki m6t can 


cf: di$n-tich thiet-difn thing 
a : canh ben 


1 ■ ~T 1 

L'-± 


^=T 
: L 



✓ 

S’ 

c -- 
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L<H d#n t Khi hai hinh chong khit len nhau diro'c thi ta n6i rfag 
chung b&ng nhau> Khi hai hinh c6 dien-tich bang nhau (hinh-hpc phang) 
thi ta n6i ring chung tiro'ng-diro'ng. Khi hai hmh c6 thS-tich b&ng nhau 
(hlnh-hoc khdng-gian) thi ta n6i rang chung tirang-dirang . 

Hai hinh b&ng nhau chac-chan phai tu'crng-dircyng. 1 

• V'jl 

Hai hinh tu’crng-dirong dura chac da bang nhau* 


BAl tap 

16. 1. Cho mpt hmh h$p, gtpi diem c tdng.qui cua c6c dw&ng cheo la O. Ch&ng-minl 

rSng m ft phSng di qua O cSt hinh hpp d6 theo mpt hinh binh-hanh ha] 

mpt hmh hjc-gi^c c(f cic c$nh song*song ddi mQt. 

16. 2. Cho mpt hinh h$p ABCD A'B'C'D'. Tren hai c?nh AD vi B'C', ISy hai Joan 

bSng nhau nhirng ngvpc chieu : AM — C'N. ‘Ch&ng-minh rSng MNdi qua tam 
cua hinh h$p. 4 

•/ 

16. 3. Cho mpt hinh lap.phuo-ng ABCD A'B'C'D'. Chtrng.minh ring ; 

1. Ou-d-ng cheo AC’ 6i qua trpng.tam cua hai tam.giic BDA' pa CB'D'. 

2. Hai trgng-tam 66 chia Joan AC' Urn ba phSn blng nhau. 

16. 4. Cho m$t hinh Ifp-phu'crng. Tinh : 
gdc cua hai dwfrng cheo 9 

* 1 

~ gdc cua mpt dir&ng cheo v&i mpt c?nh. 

- gdc cue mot Jtr&ng chio v&i mpt mft cua hinh Kp.phu-vng. 

16.5. Cho m$t hinh h$p chO-nhat ABCD A'B'C'D' TA,*.. j- * , , 

BB', CC,' DD' ,a h. Cho biit them AB ~ AD =1 ' * 

a * - 

2. Tinh ti-sd hai thi-ttch MBNM'B'N'va MDNM'D'N'. 

•5. Coi nhj*di$n c?nh MM' c6 hai mx* lx i , 
thd-c gio-a a vabdh cho nhj.dipn 66 vudng gdc^ " ^ ^ D °' ** T)m ** 

“ *■ 

I. Chu-ng-td rang CDFE la mA* A' l # 

Qt hmh QWtnh tarn cia hinh 66. 











16.9. Cho m$t hinh Idng-trg d&ng ABCDEF, dty ta hai tam-gitc ABC, DEF, c?nh 

ben la AD, BE, CF, Git-sCr ABC = DEF == 90° va $6 do cue nh[-di$n cgnh 
AD la 60°. Chieu c?nh BE xudng m$t ADCF thanh PQ. Tfnh ti-sd thd-tfch cua hai 
khdi ABPDEQ va BECFPQ. 


TO A N 


Cho m6t hinh h6p chvr-nhAt ABCDEFHI. Trung-difem c&a EH Id 
O. m6t dirtrng chAo cua hlnh h6p Id DF. 

1 . Chu*ng-t6 BO phAl c&t DF tai mdt difcm G. 

2. Bfnh vj-trf cua G trong tam-gidc EBH. 

3. Cho FB c$-dfnh ; FG — / (h&ng-s6). Tim quf-tfch c&a D. 


■ 






2. CDFE cd the l&n bSng A BCD khong ? Tron j trw&ng-hp’p dd, tfnh sd do 
cCa goc nhj-dipn cgnh AB va the-tfch khdi ABCDEF. 

5. CDFE cd th& dong-d^ng v&i ABCD khong ? Tim hp-th&c gi&a a, b dd cho 
dteu do xdy ra dirpc. Cho biSt them a 2 = bW 2, tfnh so do cua goc nhj-dipn canh 
AB va thd-tfch khdi ABCDEF theo a. 


16.7. Cho m$t hinhtis*di$n SABC trong dd SA thing goc v&i m$t ABC, va ABC 
la mpt tam-gitc deu. Gia-sCr SA = 2a, AB = a. 

1. Tfnh dipn-tfch toan*phtn cua hinh tir-dipn SABC. 

2. Tren do?n SA, ta ISy mpt di£m M va dft AM = x. M$t phSng di qua M va 
song-song v&i m$t ABC ctt SB, SC & N, P. MNP la hinh gi ? Tfnh chu-vi cua tarn- 
gitc MNP. 

3. Coi hinh Idng-trg dung ma mpt m$t dty la MNP, chidu cao la AM. Tfnh 
dipn»tfch xung-quanh y cua ISng-trp dd. Bitn thien cua y. Dir&ng bidu-dien. 

16. 8. Cho mpt hinh l$p-phiro>ng ABCD A'B'C'D' (£A' la mpt c?nh v.v.J. Tren c 9 nh 
AB, ta ISy mpt didm E. Tren c$nh DD', ta l8y mpt didm F dd cho AE = DF. 

1. Ch&ngAo rSng EF song-song v&i m$t phtng A'D'BC. 

2. Gpil, J, K, L la trung-didm cua etc c$nh A A', D'C, CC', AB. Ch&ng - 
minh ring IJKL la m$t hinh chir-nh$t. 

3. Tfnh etc cgnh va dir&ng chto cua hinh chH’-nh$t dd. Tfnh gdcnhpn cua hai 
du&ng cheo. 























bAi giai 


T'-zsz^i* 


Hlnh 102 


r^w- D f 

1* Si/* tircrng giao cua BO vd DF. - - 

/ I \ /1 

Trong hinh chtr-nhat EFHI, hai * / \\ / 1 

dirong cheo EH, DI phai cat nhau tai ^ L V D 

trung-diem O. ^'sT Y "'■~~y 1 

/ / 

Theo tinh-chat cua hinh hop chCr- / 

nh|t, ta biet DI song-song vo*i BF vi E I 

bang BF. tf/n/, 102 

Ta ouy ra BD song-song v6*i FI v* blmg FI, tire & BD song-son] 

v6*i FO v* bang 2FO (DI = BF, BD == Ff = 2FO). 'i 

Ttr-gidc BDOF 1& mpt hinh thang loi, hai dtrcrng ch£o phai ca 
nhau tai mpt diem G; G o 1 tren doqn BO. 

2. Trgng^tam cua tam~giac EBH. 1 

Hai tam-giac GBD vk GOF dong-dang v<yi nhau, nen 
GO _ GF _ OF I 

GB ~ GD ~~ BD ~ Y 

Trong tam-giac EBH, BO & mot trung-tuyen, tren d6 c6 G. 
syy v GO 1 , 

1180 CB = Y t0 rang G ^ trpng-tim cua tam-giic EBH. 

3. Quy.tich cua D. 

Khi FB co-djnh thi m3t phing P chua day ABCD cung co-dlnh. 

V} FG = / nen FD = 31 

Ta dat FB = a. 

do cha - ahit ’ ta ** bf ** ^ ** p* 

Trong tam-giic FBD vuong g6c a B, ta c6 : 

BD 2 = FD 2 _ FB 2 = (3/)2 _ a 2 

Suy ra BD = ( v6i t > 

^n Q^y-toh cua D 14 v6ng tr6n t3m B, bin-Lh YW^, d^rng 


dtri 






V Hf 




a* 
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Hinh thap 


17. 1. g6c NHIEU MAT. 

Coi mot da-giac phang ABCD, vb mot diem S o' ngo£i mat phang 
cua da-giac. Nhirng nira dtro-ng 

thing SA, SB... tao nen mpt hinh A S 

goi te gdc da-dien hay gdc nhieu S . /[^ 

m$U Diem S gpi ta dinh. G6c BSC, /K . /1 

ASB,.. g<?i mat . SA, SB... ggi / \ \ / ! \\ 

1* cgnh. / I \ n / /* \ \ r> 

Neu ABCD li da-giac Bi thl / \l*H\/\ 

gdc da-dien la mot gdc da-dien Bi. a' / H \ 

n 4-— Ij \ _ \ Xj 

Goc nhifcu m&t (hay gdc da- / \ / jtrM >A 

dien) 1& hinh g&y ra bcri m6t nira / _ X/ ** IX A 

dircrng thing Sx phdt-xu&'t tir / -D / t C \ 

mot di&m co-dinh S vi dira vAo \ ~ 

m6t da-gidc phing ABCD mi m&t \ / 1 Y 

phing khong chira S. \J. 

Sx gpi li dircrng sinh. 

S goi la dinh. Hinh 103 

Ba-giic ABCD g<?i li dircrng chu&n. 

Dcra-gian nhat trong cac g6c da-difn U g6c tam-difa hyp b&i ba nira 
dtrirng thing phat-xu&t tir mdt dBm, khdng cimg or trong mdt m$t phing, 
ddi mot lam thhnh mot gdc Bi. 

G6c tam-dien con goi ngan la tam-di$n. Tam-diin nittr ma ba mdt 
dSu la gdc vudng thl gpi la tam-di$n ba gdc vudng. 

V * • 

17. 9. 0|NHL*. 

Khi cSt mot gdc nhifcu mat bSng hai mat phSng song-song^ thi 
thiSt-didn Id hai da-giac diSng-dang) ti-so d<5ng-dang bang ti-so 
kho&ng cdch tir dinh to*i hai mdt cdt. 









G<?i ABCD, A’B'C’D' Ik hai thiet-dien phing song-song cua m $ t 
gdc nhiSu m|t dinh S (h. 103). |p 

Goi H vi H' 11 chin dtrang thing g6c ha ttr S xu6ng hai mlt cit. 

. _ 

Hai da-giic ABCD, A'B'C'D’ c6 cic g6c bing nhau doi mdt, vl c6 
canh song-song cting chi$u. Thl-du : AB song-song v&i A’B’, BC song- 

song voi B'C’ nln ABC = A’lTC'. -1 

1 

Hon nfira, hai tam-giac if trong radi mSt — nhtr SAB vi SA’B’_ 

dong-dang vfri nhau, nte ta c<6 : j 

SA' A’B' SB’ B’C’ SC’ SH’ 


AB BC SH 

Xcm the, hai da-giac ABCD, A'B’C'D’ da c6 nhirng g6c bang nhau 
ke nhirng canh ti-l$, vfy chung dong-dang v6i nhau, 

Chu-y. Ti-so, didn-tich cilia hai da-giac d(5ng-dang A’B’C’D* y| 
ABCD bing blnh-phu*o*ng cua tl-s6 dong-dang. 

. 

17. 3. HINH THAP. 

m ., "‘" h ^ “ c ?- thfe han-d|nh bd-i mot gdc nhiSu m$t vk mbt 
mfit phang cit tit ci cic canh bin. 

Trong hinh 104, ta c6 S S 

hlnh thdp SABCDE. S goi /K 

li dinh, ABCDE goi 11 ddy, /' j\ \\ 

khoang cich SH ttr dinh t6i // \ \ >v 

diy gpi 11 chiiu cao . /./ ! \ \ B 

Cic mgt bin (nhtr SAB, v // i \ \ / D 

SBC...) II nhtrng tam-giic A^L^*** \ 

thtrdug*. 

Do'n-gian nhat trong so ^ 

c it hinh thip II hinh thap diy Hhh 10 * 

tam-giic mi ta gpi 1* hinh hay m b3n ^ 

hinh thip^i^Un \lZ7i m6i m * "* ** Tmt m* 

















17 . 4 . kh6i bon MAT oit HAY kh6i TlTDlgN ofeu. 

Hirsh (khoi) tu*-diftn d&u, la m6t hinh th&p ddy tam~gi6c trong d6 

tilt g£l c&c canh d&! b&ngnhau. 

Nhir the moi m3t II m0t tam-giac dfcu ( h . 105). 

Cach tlnh chihi cao AH theo canh a 
cua hinh tir-di$n d'iu ABCD . 

A dch dSu ba diem B, C, D, n£n 
khi AH thing g6c v6*i mat BCD thl n 

H cich d£u B, C, D. X |\ \ 

K£ chifcu cao BK cua tam-gilc d£u / j \ \. 

BCD : --•■7n 


Trong tam-gilc vuong g6c ABH, ta c6 


17.5. HiNH THAPOiu. 

• N6t hinh thdp du*o*c 991 I& hinh thdp dfcu, khi 1 

— ddy I& mdt da-gi&c l<Si dfeu. 

— dinh n&m tr£n true c&a vong ngoai-ti£p v<H ddy* 

Nhir th£ cac c$nh ben dli bang nhau, cic m$t ben nhirng tam-gile 
din blng nhau. ChiSu cao phlt-xu2t tir dinh cua moi m$t ben gpi 11 
trung-do$n cua hinh thdp. 












17.6. DlfN-TICH XUNG-QltANH CUA HINH THAP Dili. ^ 

Be cho gian-ti|n, ta hay gia-su* rang hinh thap deu SABCD c6 b6n 
m£t ben. Goi mdt canh diy la c, trung-doan U a (h. 106 a). 


Difn-tkh xung-quanh cua 
ben, tire 1£ ; 


Neu hinh thip deu c6 n m|t ben thi di?n-tlch xung-quanh se Ik 


OJNH-LY. Difin-tfch xung-quanh ciia hinh thSp dfcu b&ng ni!hi 
tlch-s6 chu-vi d6y vo*l trung-doan. 


17.7. KHAl.TRllN Bi 
M^T XUNG-QUANH. 

R?ch hinh thip dhi 
theo m§t c^nh b£n roi giai 
be m|t xung-quanh tr£n 
m§t m$t phlng thi dirpc 
m$t hinh qu$t da-gidc d£u 
(h. 106b). 

17. 8. TH^TfCH. 

Ngirdd ta chti*ng - 
mlnh r&ng t Thfe-tich c&a 



m^t hinh th$p b&ng 1 /8 Hinh 106 

tfeh-s# di&n-tich ddy v<H chifcu eao 











^eu ta goi dien-tich day Id C3 vd chieu cao h thi the-tich cua hlnh 

ltl t 

^=y®h 

Tir dinh-ly d6, ta suyra nhtrng d$u sau: 

1 . Khi dlnh cua mdt hlnh thdp xd-dich trdn mdt mdt ph&ng 

song-song v<W ddy thfc-tich khong d&J. 

• \ 

That vay, CS vd h khong doi ndn khong doi, tuy rdng hlnh- 
dang cua hlnh thdp c6 thay doi. 

2. Coi hai hlnh thdp T, vd T 2 . Di^n-tlch ddy Id <3 lf <S 2 . Chieu 

cao Id hi, h 2 . 

Ta c6: 

= i_ <3, A, ^2=1 <3 2 A 2 * 

3 3 /K\ 


Suy ra : 


_ < 3 2 h, 

^ 7^2 ® 2^2 


<77, <3, 

a) Neu A, = A 2 thi — 1 = ~ 

Q) 2 <B 2 

b) Neu <3, = <S 2 thi ^ = - 

Q?a A 2 

c) Ngu (St = <S 2 vi A, = A 2 
thi <Vi= <D 2 


H/nA ro/ 


V|y thi: , 

— Tl-si> thfc-tlch hai hlnh thip mft chlSu cao bAng nhau thi bing 
tl-s6 didn-tich ddy» 

— Tl-s6 thfc-tlch hai hlnh thdp mb ddy tiro*ng-du*o*ng v6*i nhau 
thi b&ng ti-s6 chlfeu cao. 

— Khi hai hlnh thdp c6 ddy tiwng-diromg vd chlfcu cao b&ng 
nhau thi chting tiroTig-dircrng v&i nhau. 

• v'* • * # \ * A ' 

17.9. hInh thAp cvt. 

Col m$t hlnh thip SABCDE. CSthinh th4p <16 bSng m$t m?t phlng 
song-song v61 d4y thi thlgt-dl^n 14 m$t hlnh A B C D E. 































































































9r • 

WPMMhJ 

li TTi 


Biirfl 
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0|NH-LY. Di6n-tlch xung-quanh 
e£ia hinh th&p cut d&u, b&ng tich-so 
trung-doan von nu*a tong~so chu-vi 
hai d£y. 

Chu-vi cua thiet-di&n dich deu hai 
d£y bang ntra tong-s6 chu-vi hai day, nen 
ngiroi ta con doc khac di de dugc h£- 
luin sau : 

Diftn-tich xung-quanh cua hinh 
th&p cut dfcu, b§ng tieh-s6 trung-doan 
vod chu-vi cua thi£t-di£n cdeh dfeu 
hai d&y. 

Khi khai-tricn be mat xung-quanh 
cua hinh thap cut deu b6n mat, ta c6 
hinh 110. 


17. 11. THE TICH CUA HINH THAP Cl/T. 

Ta goi difn-tich hai day cua hinh thip (h. Ilia) la (S, (S’ vi 
chieu cao li h. C6ng-thijc de tinh thl-tich cua hinh thap cut li : 


<D= i 

3 




Hinh 111 b 


Hinh ■ 111b 


Chu tich Khi hai day cua hinh thap cut lai or hai ben cua dinh 
thi ta c6 khfii thdp aft loqi 2 (h. / 11b). Luc d6, ta d*ng c&ng-thirc 

au n£y de tinh thfc-tich: 







17. 12. THETICH CUA HiNH LANG TR^ CUT DAY TAMdAc 

Ta coi mdt hmh lang-tru cut, hai day II hai 
tam-giac ABC, A r 3'C’, cic canh ben U A A’ =z a, ' 

BB’ = 6, CC = c . Goi cJ la difn-tfch cua thiet- y/j 
di^n thing, The-tich cua liinh lang-tru cut day 
tam-gidc tinh bang cong-thirc: 


Cdng-thuc d6 chi dung cho lang-tru cut day 
tam-giac thoi. Neu gap lang-tru cut day da-giac 
thi ta phai chia n6 ra 11m nhieu lang-tru cut day 

tam-giac, tinh the-tich cua riSng tirng khoi mot, 
roi c$ng lai. 


17. 1. Cfe mpttam.giic diu ABC 3/ H Tf - n 

v<S-/ mjtt ABC Ice tir H, ta lay mpt diem S sao cho HS - a. Tren , 
ta coi met (fiSm M djnh b&i HM = *. 

1• S 0 'S 6 nh ba cto 9 n SA, SB , SC. 

2. f/n/j di$n-t'ich toan.phSn cua hmh th 6 p SABC. 

3. Tinh khoang c 6 ch tir M t&i SC va tfri BC. 

4. Tinh * <tt cho diim M cich deu sio canh da hlnh thip SABC. 

17. 2. Cho mptkhSi td-dign diu ABCD canh li a. Cpi P H mptmitphing 
qua A y. song.song v&i CD. Cii sir P cit hai canh BC, BD dr 
I. Chung.td ring P choa mpt dvdrng thing cS-Jjnh 

»- -w- 

BiMu$n thVo l, n9 '* 6 ^h'rmg J 6 blng m* (m „ ^ , 


1 7 . 3 . Cho m# tam.gi6c deu ABC , cA/*i/ cao H AH = h Trt J au , 

An _ Af± ^ Tren< t°* n AH ' ta/Sydo 9 n 

, no ~ j - Tir °, U Jrtr„ g tMng g6c v& . ^ abc ^ ^ ^ 
c/o,n OS — BC. Coi hlnh thip SABC. 

I Ch&ng.t6 ring AS tryc-giao v&i CB. 

2. Tinh SH, SA, SB, SC theo h. 






















Ill 


3. Tir mQt diem J lay tren do?n OH, ta ve m$t phtng P song-song v&i SO 
V a BC. Ch&ng-to ring P cSt hinh thtp SABC theo mpt hinh thang can MNQR. Oft 
AJ = x, tinh di?n-tich y cua hmh thang can dd theo h va x. 

4. Ve du-frng bidu-dien si/ bidn-thien cua y kh i J v?ch nen dot?n OH. 

17. 4. Trong mpt mft phSng Q, coi gdc xAy = 60<>. Ve do?n AB = a thing gdc 
v&i Q. Ve BZ song-song cung chieu v&i Ay. Tren Ax, I3y mQt didm M. Tren 
BZ, Jay mpt diem P. Oft AM = x vi git-sir BP = 2x. 

1. Tinh MP va thd-tich cua khoi thap ABMP theo a va x. 

2. Tinh x khi gdc cua MP v&i mft Q la 60°. 

3. Tim quy-tich trung-didm cua do$n MP khi x thay ddi. 

4. Ch&ng'minh rang MP song-song v&i mQt mft phing co-djnh khi x thay ddi 

TO AN 

Ngircri ta coi mot tir-dten ABCD, canh AD th&ng goc v&i mftt 
ph&ng ABC va b&ng 4a ; cde canh ciia tam-gi&c ABC Id ; AB = 3a. 
AC = 4a ; BC = 5a. 

1 . Chu*ng-minh r&ng tam-didn dlnh A e6 ba mfit Ik ba g6c 
vuong. 

2. Tinh theo a, difn-tich to&n-ph&n vd thfc-tieh ciia tir-difin &'y* 

3. Tinh ehifcu dal h cua dircrng cao k& tir dinh A, va nghifm 
lai r&ng ta co : 

1111 

hT = AB2 + AC2 + AD2 


BAl GlAl 


1. Hinh'tinh ciia tam-di$n dinh A» 


Vi DA thang g6c v6i 
mat ABC theo gia-thi£t, ncn 
DA thang g6c vo-i AB, AC, 
va tr\rc-giao v6d BC. 

Do d6, hai g6c DAB vd v 
DAC Id nhCrng g6c vu6ng. 

Trong tam-gidc ABC, dp- 
dung djnh-ly dao cua d}nh-ty 
Pythagore thi ta c6 : 

BC 2 = AB 2 + AC 2 

(25 a 2 = 9a 2 + 16a 2 ) 
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Ditu 46 id r!lng BAC = 90o. 

Xem tM, tam-dl*„ ABCD li m$t tam-di^n ba g6c vudng. 
2 Th<it(ch ci » binh tliap ABCD. Di^n-tlch diy li 


■' 1 ■ ;Si 

■ <(« 




ChliSu cao li 


® 2 AB x AC = i-x 3ax4a = 6a 2 


"V 


AD = 4a, 


The-tlch r l9 cua hlnh thip ABCD li : 


C W= X 6a 2 x 4a = 8a 3 . 


DJjn.tfch toin.phin cua hlnh thip ABCD. 


^ Unh *"* tam-glic vudng 


Ding tam-glic DAB, ta t(„h ra dtryc BD = 5a 
Dung nm-giic DAC, ta tlnh ra dtrp-c DC = 4 a /f 


Tam-giic DBC li m$t tam-glic cin, dlnh li B k l a 
a c6 : n ia Ke dtrdmg cao BI, 


BI 2 = BC 2 - IC 2 = 25a 2 - 8 a 2 
BI . a/l~7 

Dl?n-tlch tam-glic DBC li: 


17a 2 


2 BIx DC = ~ 4 a/2.a/l7 = 2a 2 ^34 


Dl^n-tlch toin-phin cf cua hlnh thip ABCD li: 

cf = 6a 2 + 8a 2 + 6a 2 + 2a 2 ^34 
= 20a 2 + 2aV34 

= 2a 2 ( 10 +^34) 


3 ‘ Tr| ' 8 ch,i “ "® AH = h cia hlnh thip. 

Thi-tich cua hlnh thip ABCD c6 thi tlnh nhtr sau: 


Qy = dt (DBC) x AH 




R'r 







p 













Of = — 2aYi4 X h 
3 


Suy ra h = 


3 Of 


■- . The mb 02 = 8a 3 , ncn : 


h = 


2aY3 4 

# ^ 

24a 3 _ 12a _ 1 2aVT4 _ 6a/34 

2a 2 V34 /34 34 17 


v«l 


Cach nghi$m l?i hfthirc. 

Ta c6 h = , 

V34 

' +JL + ' 


I 

A 2 


34 


17 


144a' 


72a 2 


1 11 

+ . + 


AB 2 AC 2 AD 2 9 a 2 16a 2 16a 


16 + 9 + 9 

144a 2 


34 

144a 2 


17 


72a 2 


Do d6 


1 

h 2 


1 


+ 


1 


+ 


AB 2 AC 2 AD 2 


Chu thfch. Xcm l$i bM todn 6* cuoi b&i s6 14, ta biet r&ng H 1& 
tr^c-tam cua tam-gi&c DBC. 


toAn 

Cho m 6 t hlnh thAp SABCD ; dA? ABCD 1A m 6 t t*- 0 iAc l<Si 
noi-ti£p trong m$t vdng tr 6 n tAm 0, bAn-kinh R, c 6 AB =* AD, 
CB = CD vA BAD = 80<>. Hal mAt bAn SAB vA SAD 1A hai tam- 
giAc cAn, vuong g 6 c 6 * B vA D. 

% •*. 

1. Churng-minh r&ng AB th&ng g 6 c v 6 *i mAt SBC, AD th&ng g 6 c 
vo*i mAt SCD riSi suy r&ng SC th&ng g 6 c v<W mAt dAy. 

2. Tfnh theo R di$n-tfch toAn-phAn vA thfc-tfch c&a hlnh thAp* 

3 . M 6 t mAt ph&ng song v<H dAy c&t cAc eanh SA, SB, SC, 
SD theo th*-t\r 6 - E, F, G, H. Tfnh SG theo R d& cd thfc-tfch hlnh thAp 
cut b&ng 19/8 thMfch hlnh thAp nh&. 
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I;]*IrI-x*. 


itf f 


bAi giai 


Khaotat fir^giac ABCD* 


D6 1& mot tir-giac ndi - ticp trong 
v6ng tr6n (O, R), nhin AC l£m true 

doi-xixng. Vi BAD = 60o, n en 

BAC = 30o va BCA = 60o. Ta 
suy ra rang AB = AD = R) 7 3 va 

CB = CD = R 


CBA = CDA = 90o 
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SBC 


1* Vj'trf cua AB <f6i vo'i mft phlng 


v 

3_£&. 

\ B A 
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Thee tren, ta bi^t AB thing g6c voi 
CB. Theo gia-thiet, ta bi^t AB thing 
g6c voi SB. j 

AB thing g6c v6i BC vi BS n£n 
AB thing g6c voi m|t phlng SBC d}nh 
bo*i hai dtrang dong-qui BC, BS. 

Ta suy ra rang AB tryc-giao v6i SC 

Chtrng-minh tiro'ng-ty, ta bi&t 
rang : AD thing g6c v6i m|t phlng SCD 
vi AD trirc-giao voi SC. 


Vj'trJ cue SC 66\ vai m$t <f6y. 


cua 


hWi thip gl3 ° Vai AB Va A ° ng " SC **"8 8 6c V<5d m5t diy ABCD 


Ta suy ra ring SC thing g6c vo-i CB vi CD. 


I Difn-tfch toin-phin cm. hinh th.p SABCD. 


n6n 




dt (SBA) = ± BA. BS = I ba.BA = _L ba’ = 2 ?? 

2 2 2 


jm 


/• «• 

i ■ 

r. 


; wy.-ttefc *tijfcgteisiijft ;• *. i- \ 








w. 




















at (lieA) rn AB, BC I«s - Ry 3. R K ’ 

2 2 2 


Trong tam~gIAc vuflng g6c SCB, ta c6 : 

SC' 4 f." •• SB a ... BC a «« BA 4 BC a » 3R a - R a 


2R' 4 


SC RV2 


at (SCB) SC . CB 

2 


1 RK2. R ra 

2 2 


Dl^n-tlch bAn-phAn cua hlnh thAp SABCD 1A \ 
3R' 4 p*l/T R>l/T R' 4 


3R U rV? ^ R’Yf 
2 2 2 


(3 + ^3 + /2). 


Dl(n-tich toAn-phAn cua hlnh thAp 1A : 

rS - 2rf = R a (3 + ^3 + YT) 


Thftloh cun hlnh thAp SAI1CD. 


<n 


dt (ABCD) . SC 

3 


1 - R J VT. R^2 « W? 


Tr|.»6 cAi» SG. 


Ta gpl thl-tlch cua hlnh thAp 
nh6 1A f -lf t thi-tich cua hlnh thAp 
cyt 1A c l)^ ta c6 h(-th6ng 8au nAy: 


i\\ 

VVXl 


Wi | Q) 2 m Of 

Wi 19 
Wi 1 8 


R*K6 

3" 


wM 




Ta >uy a. - gL - q>. + - <*» 


Hlnh 11b 


fl I 9 


Dod<5 


Rh 

iMpMM 

q9 




■ i i 




t ■(.- 










Hai hinh thap SEFGH, SABCD dong-clang, ti-so dong-dang ft 
Ti-so thc-tich bang tam-thira cua ti-so dong-d^ng ncn ta c6 : 


Suy ra 


vk 


Oft _ /SG\ 3 _ 

Q) \ 'S C j 


nhan-x^t 


SG 

SC 


SG = —— — R>2 = 2R * 2 
3 3 3 


■5) 
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•. k. ** •-* i 7; . • i’* % . 















« ■ '" r ‘ • > ’ '■ y 




% 


XL* .ftra.ft 




1. . . iV.. 




, ■ ^ 9 

' • ■ 












Hinh tru va hinh non 


1. BJNH-NGHIA 


18. 1. m£T TRy. HiNH TRM. j 

1. Mdt tru Id mdt gdy ra bo-i m6t du-6*ng thing A chuy£n-ddng 
theo hai di^u-kien : 

— A bao flio* cOng song-song vo*i mdt phiro*ng d c6-dfnh. 

— A d\T a vao mdt dircrng cong ph&ng (C). i 

• • , 

A kh6ng song-song v6*I mfit ph&ng chira (C). 

(C) gpi li dirtrng chudn hay day cua mit tru. 

A gyi 1i dirirng sink. 

Qua moi diem M cua mjt try, chi c6 mpt _ 

du'ang sinh mi thoi. /C , ^ 

M|t tru c6 the trtryt tren chinh n6 theo rf U I 

phirang d . 7 /—/ / 

MC) Q(d f\J 

Sau niy ta chi khao-sit nhtrng mjt try mi / \/ y 

diy li hinh tr6n, d6 li nhirng mdt try. c6 dir&ng / /7m 

chain trbn . [ / / 

Av o\ A/ 

2* Hinh try d6y trdn la m6t c6-thfc gi<ri- / 

han bod mdt mfit tru c6 dircrng chu&n trdn / / 

v& hai thi£t-didn ph&ng song-song v6*i mftt ( r\y / 
dird*ng chu&n. I y 

Sau niy (18.30 ta se bi£t rang hai thiet- 
di£n d6 16*n bang v6ng tr6n chuan. Hinh 116 

Hai hinh trbn g<?i li hai day . Bin-kinh R cua chting cflng gyi li 
ban-klnh cua hinh try. Khoang cich h gitra hai mjt diy gpi li chi'iu 
cao cua hinh try. 




/ 


18. 0. MAT N6 N, HINH N6N. 

1* M$t n6n li mit gAy bo*! m6t dir&mg thing chuY&n-ddna 
theo hal di<*u~kl£n t 

— /\ bao gl6* cung qua m$t dlfcm c#-djnh S. 

" — A dV* a vio bn6t du*6*ng cong ph&ng 

(Cb cua dtrcrng cong niy kh6ng 

du*ng S. / c 

" y, t . 

S li (link cua mit n6n. 

A li dircmg sink. M&i vj-trf cua A 14 A 

m^t dtrfrng sinh. Qua mol diem M cua / l\ 

mit n6n chi c6 m$t dtrcrng sinh mi th&i. /--/J 

(C) li dirb-ng chain hay ddy cua mit XcT^^Ui 

n6n. - 4-A 

/( ^ R'I s 

MJt n6n gom hai lap (hay faf t&ng) / X ly 

c6 chung dinh S. ./ _____ 7 JM’ 

Sau niy ta chi khao-sit nhtrng mit C J N< 

n6n mi diy li hlnh tr6n. D6 li nhtrng ^—-_ 

ndn c6 dirang chu&n trbn. 
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0. Hinh n6n diy tr6n li m6t c#-thfe al6i-han kJLi .a- • 

tnftt n6n to <toto,„ <hu>„ , r *„ „ 

« -- — 
uxas iTc^r “ 4n ^ « 

18.3. f)|NH.Lf. 

Khi cit m$t try c<5 du-d-ng chuhn ti>4n hina mAt .. 

song y&i mSt du-d-ng chuSn thi thl^-Hia ,x ' m ^ t P h * n fl «ong 

du-d-ng chu&n. ■ fn i m6t hinh trdn, Id-n btng 

G^i P a m|t chtfa dtrdne chuSn »,a„ *. ^ . . 

li m#%ij. n# foil/ tam 0/ ban-kinh R i P 

u m$t cat/ P song-song v<W P //^ nn K - ^ F 

rti feta, to* u o, dt p . w ^ 0 

«* Brt* to* qua A ctt P' t^J A 





00’ song-song v6*i AA\ chung dinh diroc mot mat phang, vi m|t 
phang d6 cat hai m;* song-song P, P' theo hai dircrng song-song OA, O'A'. 

Nhir the OAA’O’ li m$t hinh binh-hinh. Do d6 O'A* = OA = R. 
Quy-tich cua A' li mqt v6ng tr6n tim O', ban-kfnh R d\rng trong m£t P*. 

T6m l?i, P' cat mit tru theo m$t v6ng tr6n 16*n bing dirang chuan. 

18. 4. OjNH LY. 

Khi c&t mdt mfit n6n c6 dircrng chu&n trdn bSng mdt mdtph&ng* 
song-song v&i mit dircrng chu&n thi thiSt-didn Ik mot vdng trdn. 

Coi mot mat n6n dinh S, dtrdng chuan tr6n (C) dyng strong m?t 
phang P. Ta cat n6 bing mat phang P* song-song vo*i P. Goi A li 
m$t difcm lay tren dirdng chuan (C) mi tarn li O. P' cat SO, SA tai 0% A\ 

V 9 

M£t phang SOA cat P, P’ theo hai 
giao-tuyen song-song OA, OA' ; hai tarn- ^ 

giic dong-d^ng SOA, SO'A' cho ta: / ^ 


Khi dircrng sinh SA thay doi thi OA 
khong doi, SO' vi SO cung khong doi. 
Do d6, O'A' li mpt hang-s6. V|y A' vach 
nen mot v6ng trdn (CO, tim O', bin-kinh 
O'A'. Bit OA = R, O'A' = R' 


h' vk h li khoang-cich ttr S den P' vi P 


N£u ta lay hinh gifri-han * b&i mit n6n vk hai m§t phlng P vk P' 
thi ta dtrpc m$t hinh ndn cyt ddy trdn song-song . (C) vk (CO gpi li hai 
day, khoang cich giu-a hai diy gpi li chvhi cao . 

18.5. MATTRdN XOAY. 

X£t m$t d trong cong (C) vk m$t dtrdmg thing x'x cdng d\mg trong 
m$t phang P. Khi mat phang P quay quanh x'x thi (C) giy nln mQt 
m$t, gpi li mtjx trdn xoay mi trifc li x'x ♦ 






Moi vj-trf cua (C) goi id mot kink~tuyen cm mat tr6n xoay 

Moi diem M cua (C) v?ch nen mot v6ng tr6n md true Id x’; 
Nhu-ng v6ng tr6n g£y b<H mdi diem cua (C) 
gpi Id nhtrng vi-tuy$n ctia m|t tr6n xoay (h . / / 9). M*' 

MSt phang nao chtra true dime goi ~ f 

kinh-difn ctia m|t tr6n xoay. 

/♦ Mfit tru trdn xoay Id mat gdy bdi / \ 

m $t dtrcrng thang song-song voitruc quay khi k j 

n6 quay quanh trpe d6 ( h. 120a). N----7 

, (C, Vl / 

2. Hinh tru trdn xoay & nipt hinh gidi- 
han bdi mpt mjt tru trdn xoay vd hai thiet- 

di^n thing g6c vdi true quay. H) ^ ^ 

C6 the coi hinh try trdn xoay 1A ccS-the gay nen boi mpt hinh chu-- 
nhft OAA’O’ khl n6 quay quanh mpt canh (00’) (A. 121a). 

3. MSt ndn trdn xoay 1A mpt m?t tr6n xoay gjy ra boi mot 
among thang quay quanh mpt tryc c6 cat throng thing ay (A. 120b) 

4* Hinh ndn trdn xoay 
h m$t c6-thfc g$y ndn bdi 
mot tam-giic vuong gdc quay 
quanh m$t canh cua gdc vudng 
(nhtr AB). Gdc CAB gpi Id ntra 
%6c dinh • Cpnh AB Id dir fang 
cao chird-ng chi blng h), cgnh 
AC Id trung-doQn (thu-dug 
chi bang a) hay dir brig sink 

(h. 121b). 

« 

5. Hinh ndn cyt trdn 
. . .. xoay 1A mpt phan cua mjt ndn 

H) a ion u . 11,6,1 * oay 8 IW -h?n hal 

* Hinh 120b m5t phing thing g6c vdi tryc. 

. ^ thl coi hinh n6n cut trdn ii . v . v 

thang vudng gdc OO’A'A „!L L .... 9 T* 1 g3y b&i hlfflh 


Hinh 120a 


Hinh 120b 






it 


























C$nh OO gyi li dwb’ng cao cua hinh n6n cyt (thiring chi bing h). 
Canh AA’ gpi tt dirirng sinh hay trung-dofn (thirfrng chi bXng a). 



(chCr-nhyt (tam giSc vu&ng-gdc) (hinh thong vuSng g6c) 

Hinh 121a Hinh' 121b Hinh 121c 

I f 

2. DlfcN-TlCH XUNG-QUANH. 

ia.6. DI$N-TlCH xung quanh cua hInh TRV tr6n xoay. 

Ta col m$t hinh try tr6n xoay, bin-klnh diy li R, chifcu cao li h. 
Ta h5y tiring-tiring ring hinh try d6 dir^c r$ch ra thco m§t diring 
sinh. Ta gill bfe m$t xung-quanh l£n m$t m$t phlng. Glal bfc m$t xung¬ 
quanh l£n m$t m$t phing gyi 11 khai-tritn b<6 m#t xung-quanh. Ta dirpc 
m$t hinh chfr-nh}t mi hal chifcu 1& 2*R vi h. Di$n-tlch xung-quanh 
cua hinh try tr6n xoay li : 

cfxq = 2*Rh 

OJNHLY. 

Dlfn-tfch xung-quanh cua hinh try trdn xoay bAng tlch-s6 
chu-vl diy ^6*1 chifcu cao. 
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18. 7. DI^N-TiCH XUNG-QUANH CUA HINH NON IRON XOAY 


Ta coi mot hinh ndn tr6n xoay, ban-kfnh day 1& R, trung-doan & a 
Ta hay tirong-tiro-ng rang hinh n6n do 

dupe rach ra theo mot dirong sinh. Ta & 

giai be mat xung-quanh len mot mat 

phang. Ta dirpc mot hinh quat tron S S | 

tnk bin-kmh & a, cung la 2* R. A I 

/i\ \ ^ 

Chu-vi cua v6ng tr6n chira hinh j ] \ \ 

quat \k 2 n a. Difn-tich cua hinh tr6n j \k \ a \ /j " v 
d6 li «a 2 . Ta suy ra bang mot qui-tac \ R ^ 

tam-xuat rlmg difn-tich cua hinh quat ^ A 
(tire di$n-tich xung-quanh cua hinh 
n6n) 1* : H7nh m 


V3y ta c6 djnh-ly niy : 

0|NH-LY. Dien-tich xung-quanh cua hinh n6n tr6n xoay b&ng 
tfeh-s# chu-vi d£y voi trung-doan. 


edng-thire i 


3600 x 
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18. DI$N/riCH XUNGQUANH cClA HINH N6N C^T TRdN XOAY. 

Coi m$t hinh n6n cpt tr6n xoay, trung- 
doan 14 a, hai bdn-kinh 14 R v4 R\ Dl tlnh 
di£n-tich xung-quanh cua n6, ng\rM ta ddng 
cdng-thuc: 

Ta vict dupe: 

c)x<7 = (* R + * R) fl==- a 

2 

Do d6 ra duvc dinh-ly n4y : 

D|NH«LY. Di$n-tich xung-quanh cua W»nA f24 

hinh n6n cut trdn xoay b&ng tich-s# trung-doan vo*i nira t<$ng-s6 
chu-vi hai ddy. '■ ' 

Chu-y : Gp} P 14 bin-kfcih cua thi£t-di$n each dfcu hai day, ta c6: 

R+R' . „ _ 

P = — - — hay R + R' = 2 P 

2 

Vi th£: 
v4 ta c6 h6-luAn n4y: 

* '• 

Didn-tich xung-quanh cua hinh n6n cut trAn xoay b&ng tich-s# 
trung-doan v<M chu-vl cua thi£t-dl$h edeh d(Su hai ddy. 

t * 1 

t ' • - • * - . i 

3. THE-TlCH. 

f 

18. 10. 0|NHdL*. 

1 . Thfe-tich cAa hinh trp b&ng tich-s8 didn-tich ddy v<W chifeu cao. 
Gpi b4n-klnh d4y 14 R, chicu cao 14 h, ta c6 : 

2. Thfe-tich cAa hinh nAn bftng 1/8 tich-s# didn-tichddy v<H 
chi feu cao. 












Goi ban-kmh day la R, chieu cao 3a h , ta co: 


' ;■- 


1 1 
Q9 — J 

_ R 2 K 

1 2 

IV A1 

5 


j. Neu phai tinh th£-tich cua hinh n6n cut, ban-klnh day Ik R, R\ 
chieu cao la h, ta dung cong-thirc : 


QJ> = — * h (R 2 + RR’ + R’?) 

3 


Mam 


18. 1. 


BAI TAP 

« 

if 0 V'> • r A * y* ■ 1 ' r * //< - !, l J 

Hay cfjnh mgt hinh try trdn xoay khi ngw&i ta cho biet ba dw&ng sinh (nen 
dung mpt thieUdign thing). 


18. 2. Cho hai dw&ng thing song-song D\, D 2 . Tim qup-tich nhirng dw&ng thing 
D& biet rang nhj-dign hpp b&i hairnet phing (D\, D3) va (D 2 , D 3 ) la nhj * 
di$n vuong goc. 

18. 3. Cho mgt dw&ng thing D. Tim quy-tich nhirng diem M, biet ring khoing cich 
tir M t&i D la R. 


18. 4. 


18. 5. 


18. 6. 


17 . 8 . 


Cho hai dwd’ng thing song-song Du D 2 . Tim qu9-tlnh nhirng diim M, biet 
rang ti-so khoing cich tir M t&i D\ va D 2 la k ( = hing-so khic 1). 

, .Vv';rv ; v /[./• -r} y> w < 

Cho mgt m$t try (T) tren do lay mpt dw&ng sinh D. Chwng-minh ring mgt m$t 
phing P phit-xuat tir D dt m$t trg theo mgt dw&ng sinh khic . 

., * . * i 

• \ ' | ■ - . - 

*• - V*•’ .' - , 17 

Cho mgt rpft try trdn xoay. T i> m$t diem M, Ice hai cit-tuyen MAB va MCD, 
moi^ cit-tuyen tao vdntrvc cua m$t tr v mgt goc a. Chu-ng-minh ring 

MA . MB = MC.MD. ' 

’ 

# ’y *. * ■ * 

Tinh chieu cao h cua mgt hlnhtrg trdn xoay biit difn-tich xung.quanh s v» 
dipn-tich toan-phan S. 


18. 8. Tinh dign-tinh toan-phan S cua mgt hinh try trdn xoay biit thi-tich V va bin- 
kinh R. 

- 1 _ ■ *• . . , 

1 8. 9. Co mot hinh cha-nh$t, cgnh la x, y. Cho n6 quay mgt c 9 nh thl tht-tkh gay nen 
a v\ ; cho no quay c?nh ke v&i c?nh ndi tren thi thh.tich gay hen la Vo. Tinh 

x va y. 



















. 
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10. Bidt ring di$ndich xung-quanh cua hai hinh try. trdn xoay two , ng*dwo , ng v&i 
nhau, tinh iPad thidinh cua ch6ng. 


• ’ J v I'i' • +* ** 

18. 11. fl/e^ rang thidich cua hai hinh try trdn xoay twO’ng'dwcrng v&i nhau, tinh 
ti'So di$ndich xung.quanh cua chdng. 


18. 12. Cho mpthinh chtr.nhft quay quanh mgt dw&ng thing song-song v&i mgt c?nh 
va nim trong m$t phing cua hinh ch^nh$t va khong xuyen qua chw-nhit. 
Ch&ng*minh ring thidich do hinh chw*nh$t gay nen bSng tich'Sd cua distich hinh 
chd’-nhit v&i chu'vi cua vdng trdn gay b&i tarn hinh chQ-*nh?t. 


18. 13. Cho mqt dir&ng thing D va mgt diim O & ngoai D. O va D ddu c&djnh. 

4T- 


\ | • 

1. Gpi P la mpt m$t phing UrU'ddng nhirng song^song v&i D. Tim quydich 
hinh chidu cua O xu6ng P. 


2. Gp/ la mqt dw&ng thing IwU'dgng nhwng dt D va thing g6c v&i 
D. Tim quydich (S) cua hinh chidu cua O xuong l\. Giaoduydn cua quydich di tim 
thSy & cau tren va & cau nay la dw&ng nio ? 


18. 14. Cho hai dw&ng thing Ox, Oy. Ggi P, Q la hai m$t phing ISn'IwQt chwa Ox 
va Oy. Gii'Sw P thing g6c v&i Q, Tim quydich giaoduydn cua P va Q. (Nen 
dung m$t m$t phing thing gdc v&i Ox hay Oy). 


18. 15. Khi khaidriin be m$t xung-quanh cua m$t hinh ndn trdn xoay, ngw&ita dwQC 
mgt nwa vdng trdn, bin'kinh a. Tinh bin-kinh diy va chidu cao cua hinh non d6. 


18. 16. Khi khaidriin bd m$t xung quanh cua mgt hinh ndn trdn xoay, ngw&ita dwQ’C 
m$t hinh qugt trdnf, bin'kinh 8 cm, gdc dlnh la 240°. 


Tinh chidu cao, diQndich toan'phan va thidich cua hinh ndn dd. 


18. 17. Tinh thidich V cua mgt hinh ndn trdn xoay bidt dipndich toan-phin S vi 
trung'dojn a. 


18. 18. Tinh thidich V cua mgt hinh ndn trdn xoay bidt difndich toan-phan S va 
chiiu cao h. 


18. 19. Ggi V, V', V" UndwQt la thidich gay b&i tam'gidc vudng gdc khi nd quay 
quanh cpnh huydn vi hai c?nh cue gdc vudng• Chwng'minh ring : 
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1. Ch&ng-minh ting thiet-dign la mgt hinh trdn. Tinh bin-ldnh cut hinh trdn 

do tneo x . 

,. 2 - Tinh chiiu dii sink cua (C) vi (Ci). T'wh dign-tich S. S u S 2 vi 

the.tich V, Vi, V 2 cua cic eo-Mi (C), (Ci), (Cg). 

3. Khio-sit sy bien-thien cua Si vi S 2 iheo x, Vi hai dtr&ng bitu.dien vio 

mpt dd'thj chung. 

4. Hai dtr&ng bieu-dien tren dt nhau tfi m$t diim I. Hoanh-dp x« cua I li 

bao ? Dung hinh-hgc di vl dogn x 0 . Vi hinh non (C) vi thiet-dign Crng 

v&i tr}s6 xo. ■ 

S V 

Khi x — xo tinh ti*s6 — roi suy ra ti-so — 

$1 Vi 


18. 25. Cho phirO’ngArinh : x 2 — (m — 1) x -f m -f 2 = 0. 

1. Tinh m di phircrngAnnh co hai nghipm-so. 

2. Tren mpt trpc x'Ox, ISy hai diim M' vi M", OM' = x', OM" = x" 
(x r vi x" li hai nghipm*s6 cua phwcrngArinh). 

VS vdng (C') tarn M', bin.kinh M'O, / ve vdng (C") tarn M", bimkinh M"0. 

Tim (ficU'kipn cho m de hai vdng do tiSp-xuc ngoii. 

Hai vdng d6 co bang nhau mi khong trung nhau dvprc khong ? 


3. Gii'SCr (C') va (C") tiep-xuc ngoii. Ke tiepAuyen chung ngoii T'T". 
Theo m, tinh T'T" vi dipqAich gay b&i do?n M'M*' khi no quay quanh VT*. 


TO AN 

% • X--.' . H • y -• - C ' % . * «: 

Cho mdt hinh non cut trdn xoaYf ddy Id hai vdng trdn <C), (C’>, 
tAm O, O’, bdn-kinh R, R’ (R > R’>. 

N6 ngoai-ti&p vdi mdt hinh e&u dircrng kinh OO*. Goi C” Id 
vdng ti£p-xuc cda bfc mdt xung-quanh cua hinh ndn vi hinh efcu. 
Goi R” Id bdn-kinh cua vdng C”. BAt 00* = h. 

2 11 

1. Chu*ng-td ring h2 = 4RR* vd — == — -f — 

If H If 

2* Khai-trifcn bS mdt xung-quanh cua hinh ndn cyt thl diro*c 
hai cung trdn bdn-kfnh X vd X’, gdc dinh u*ng voi cd hai cung dd 
Id a. Tinh X vd X*. Tinh a b&ng radian khi R = 2R\ 









































'V 




n 


Hai tam-giic dong-dang ABH, MJI cho ta: 


AB 

MJ 


AH 

m 


(mj= 


00 ' 

“T“ 


hay 


R +R’ 


- t'j'C li 2 (R + R’) R” - ft* 


Nhirng h 2 = 4RR’ cho nen 2 (R + R’) R” — 4AR' 

Suy ra — — ^ ^ ^ = i. + J_ 

R” R . R’ ’ R” R R* 


2. Cach tfnh X v* X'. 

Khi khai-tri£n b£ m|t xung-quanh cua 
hinh n6n cut thi ta diro-c mqt phan hinh 
v^nh khan nhtr & hinh ben canh. 


Hai cung gifri-han cua phan hinh vinh x’l 
khan d6 c6 so do U 2"R' vk 2*R. Tam 
cua nhtrng v6ng tr6n chtra 2 cung d6 Ik S, 
gpi bin-kinh nhirng v6ng d6 Ik X' vi X 

^ ^ )* £>6c dlnh cua nhirng hinh quat 
l* a* 


/4 

v 



Cdng-thirc <\l tinh a blng radian 1* : 
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* — 2 n — (d6i v6i cung nh6) 




* = 2* — (d6i v64 cung 16-n) 
A 


Nh6* d6, ta c6 

R 

__ R* 




X 

~ X’ 


« 1 

Ta suy ra 

R 

_ R' 

R -R’ 

i 

R - R’ _ R - R’ 

W 

X 

“ X: r ~ 

X 

1 

X 

1 

AB R + R’ 

Do d6 

1 

R(R 

+ R’) 

v , R’ (R + R’) 




r, ,.»• 

If: 


- 


































































Ceoh iinh a khi R ~ 8R'. 

Cong-thiirc vira thn thay cho ta (khi R 
„ R (R + R') 2R’ . 3R' 


2R'): 


X = 


6R’, 


R' (R + R’) 
R - R’ 


The mi a 


„ R’ „ R’ . 2« 

2 >i_= 2 "-nfcn « —-radian. 

X’ 3R’ 3 


TO AN 


Ctyo mdt hlnh tam-gi6c dfcu ABC, canh b£ng 2a (a = doan oho 
sSn). Ggi O Ift t6m vong tron ndi~tife'p. Cho hlnh v6 quay quanh dir<img 
cao AH thl tam-gi6c ABC slnh ra mot hlnh n6n tr6n xoay, v6ng 
trdn noi-ti&p sinh ra m6t hlnh c6u tiSp-xiSc vo*l b$ m6t xung-quanh 
v6 b& m6t d6y ctia hlnli non. Ta gol (S) 16 ctf-thfe b* trong hlnh n6n 
v6 6* ngo6i hlnh c&u. Ta c6t (S) b6ng mdt m6t ph&ng th&ng g6c v6*l 

AH tai m6t di&m K. B6t AK = x. I 

• • • 

1. Tlnh di£n>tfch y c6a thi£t-didn. 1 | 

• • • 

2. Bife'n-thlin eua y theo x. Birirng bi(5u-dl£n. 

3. Dinh x dfc cho y = /* </2 li s8 cho sin). Biin-luin. 

BAl ClAl 

!•_ Pi^n-Hch y cua thi£t-df£n. 

Ta coi tam-giic deu ABC (canh bing 2a) vi vdng tr6n n$i-ti«p 0. 
Nha tfnh-chat cua tam-giac diSu ta biet: 

AH = A1 V 3 _ 2a^3 _ /f a A 

2 2 V A 


AO = jL AH = 3 

3 3 


AI = 


OH = & 

3 

• -JlI ' 

AI = • Q V?> 

3 

(I li giao - di$m thu- nhl cua 
HA v61 v6ng O). 
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* “ I 



























Ta coi phan be mat gac cheo, & trong tam-giac ABC vl 6* ngoli 
v6ng tr6n O. 

Ta k£ m6t dirang thing g6c voi AH tai K, n6 c6 the cat v6ng O 
t$i M, M' vl cat AB, BC tai N’, N. 

Khi ta cho hinh ve quay quanh true AH thi tam-giac ABC gly nen 
m$t hinh n6n tr6n xoay, v6ng tr6n O giy nen mdt hinh cau, vl be mlt 
gac ch£o gay nen co-the (S) 6* trong hinh n6n va 6* ngoai hinh cau. 

% Hai dilm M viN gly nen nhu-ng v6ng tr6n tlm K, bln-kinh KM, 
KN vl nam trong mat phlng thing g6c veri AH tai K. 

Ta hay tinh dien-tich hai v6ng d6. Hi$u-s6 hai difn-tich d6 II di$n- 
tich y cua thiet-di£n ml ta muon tim. (K phai 6* tren doan IH). 

DOing tam-giac vuong g6c AKN, ta c6 : 

KN = AK tg 30o _ £lL 

3 


Trong v6ng O, ta c6 : 


KI = AK - AI = x 


af 3 

3 


KM 2 


Ta c6 : 


KM 2 = KI x KH - _3 

KH = AH - AK = a/3 - x 

2 = /jc_?^L \ JaV3 -xj = -* 2 +^^x- 

y = n KN 2 - n KM 2 
y = n (KN 2 - KM 2 ) 


ay/ 3 




x 2 + — 


-[ 


(-* 2 + 


4 ay' 3 


-a 2 ) 


= „ f If 2 _ W3 


x -f a‘ 


y = £ 4x 2 — 4a*/3 x + 3a 2 J 


Trong trircmg-hp'p ml K 6* tr£n doan AI, ta khong c6 v6ng (K,KM) 
dten-tich y rut lai chi c6n U: 
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T<$m lai: 

G ) Neu K o* tren doan AI, tire 0 Z x Z thi : 

“ ” 3 


y = n KN 2 = — r 

3 


6) Neu K 6- tren doan IH, tire 14 - V - 3 ■CxZ.a^'i thi: 

3 


* = » (KN 2 - KM 2 ) = JL ( 4 x 2 - W3r + 3a 2 ) 


2. Bifn-thien cue y. Oircrng biiu.dien. 


y 14 mot h4m-so b|c hai don-gian cua x. Trong khoang m4 ta d5 
* thl * d6ng - bign ‘ Dlr ^g «*»-<«*« tt m$t cung parabol; parabol 
a4y nh3n g6c t 9 a-d$ 14m dlnh v4 di qua diSm [ x = Ml y = ^ 2 \ 

, ' * 9 


^<x^ a V 3 


3 1 = 


(4x 2 -4a^3 x + 3a a ) 


E>ao-h4m 14 / = -1 (g* _ 4 ay /f) 

Nghi?m-so cua dao-h4m 14 x == a ^3 

Ltic x = thl / =0 v 4 y =0 . 

■Sdng biin-thiin : 

x aK 3 

- 3 2 




. 

•y v,^v 


1 V v 
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K 


;V. 




Dtr^ng bilu-diln 11 
m6t cung parabol. 


3. Cach djnh x cho 

y = P. 


Ta vc m§t dirfrng 
thing A nlm ngang ml 
phtrcrng-trinh Ik y = l 2 

(hlng-s6). Holnh-d$ giao- 
di£m cua A v6i dtrang 
bieu-dien II trj-so cua x 
ml ta phai tlm. Bang bi?n- 
lu|n dirp'c d$t ngay b£n 


do-th}. 


* m : 






> 


sv *;< 










(2 I so nghtem s6‘ 


4 y 


+00 


7Tcn 




- «l/j 


. . * i'AJE 1 


* 


TTa 2 _ 

9 V 
9 

3 


aVs aVi x 
2 


7 la* _/ •* = 0L \5 ; 3 

2 " 

^0—^ •»= 0 

\ x s a V3 :2 
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* cfev • Vv- 
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y»c 


















Hinh cau 


1. BjNH-NGHIA 

19. 1. OfNH.NGHIA, 

Hi " h eSu li> quY-Weh nhirng difem trong 
diem cd-dfnh. 

Bi*m co-djnh <16 goi 14 tdm ; khoang 

cich tir tim den mdl diem tren hinh cau 
1£ ban-kinh . 

M6t hinh c&u du*9*e dinh ro b£na 
tdm vd bdn-kinh ctia n6 

Coi hinh cau tam 0 


bln-kinh R. *1 _O/ /_] 

M$t du-cmg thing di qua O, clt hinh cau \ AJ 

tai hai diSm A, A', OA’ = OA = R. V %/ X J J 

AA’ goi li m$t dirb-ng klnh. \/l^ 

Hai diSm nhtr A, A' goi 14 haidiSm 0^- 

hay xuyen-tdm-dSi. , 

rhn/j 730 

19. 9. QUY-TICH. 

rib* qUf '° eh " h * n9 ““ 

Goi O la trung-diem PQ ( h. 130). O c3-djnh. 

Trong tam-giic PMQ, MO 14 trung-tuyfc. M$t ***** dt c6 vd di 

di 4:110 9 6c PMQ vudng 14 MO = £9 — hang-s6. 

2 

Qujr-tlch cua M 14 hinh cau tim O, ban-kinh ES tire 14 hinh cau 
Ardrog kinh PQ. 2 

vir “ , “ t '" oh nhta ” **“ 






















19 . 3. sy tr6n xoay cua hinh cau. 

Khi mqt v6ng tr6n quay quanh m$t dirorng kinh thl n6 g4y ntn mdt 

hinh cau. . 

Vay : /im/i c<2u la mQt hinh trbn xoay, 

Ta se loi-dung st,r tr6n xoay d6 dl 
khao-sat nhieu dicu vc sau. 

19. 4. sy* OOLXLTNC CUA HINH CAU. 

Tam O 1* tam dtii-xwng cua hinh cau. / 

Trong hinh cau, blt-cir diro*ng kinh n4o ( 

cung c6 thfc dung 14m trifc dbi-xwng; blt-ctr \ 

mat phang n4o qua tlm O cung c6 th£ dung 
14m mat dtii-xirng, 

Mqt mat phlng di qua t4m du'p'c gqi 
14 mqt kinh, 

19. 5. MIEN. 

M$t hinh cau chia khong-gian ra 14m hai mien 
ngoai . Miem trong 14 mien c6 chtra t4m. 

— N£u OA = R thl A nam tren hinh cau, 

— N£u OB > R thl B nam ngohi hinh cau, 

Neu OC ^ R thi C nam trong hinh cau v4 ddo lq.i, 

9 < 

2 . TIEP-TUYEN — M^T PHANG TIEP-XOC. . 

If / ^ 

19.5. D|NH-NGHIA TllP/TUY§N. 

^ ^ Coi m$t m|t cong (S) tr£n d6 c6 m$t 

/ 4tr6> ng cong (C). G<?i M 14 m$t di$m c6- 
^ N n ~ / tr ^ n (C) v4 gqi N14 m$t di&m liru-d$ng 

/ CC) J tr£n (C). MN 14 m$t cdt-tuy$n cua S. 

\ Cho N ti£n t6*i M. MN ti£n t6d vj-tri 

VjK gi6d-han Mt. Mt gpi 14 ti$p-tuy$n cua dtrb'ng 

^ cong (C) tai M. Ta n6i ring: Mt 14 ti$p- 

H) n h 132 tuytn cua m#t cong (S) tqi dilm M, 


mien trong v4 miin 


19. 6. ©INH.LY. 





Nhirng ti^p-tuy^n cua m6t hinh c&u 0 tai m6t difem N d&u n&m 
m6t mftt ph&ng. D6 14 mdt P thing «6c v<H b6n-klnh OM tai M. 















:vM t . 


3. SV TU'O'NG-GIAO CUA M<>T HlNH 

vA mOt mat phAng. 

19. 8. D|NH-LY. 

, Glao-tuyAn (dircrng tir<rng-gIao> / 

cua m$t mat phAng v4 m6t hlnh cftu / 

li m6t v6ng trdn. Tflm cAa v6ng trdn / p. 

<16 16 hlnh ch!8u Qua tAm hlnh cAu H vN 

xutlng mat phAng. / \ — - 

Ta ool m*t phlng P v4 hlnh cau / - 

(S), tlm O, bin-klnh R. G<?1 hlnh chl«u — 

cua tim O xufing P 14 H. D$t OH = <f. U1 , 




lift 

*«*» 

i 

m 

> t 



S4 

















V* A'l i'< 

LJ'y m$t diim M tr€n P, tam-giic vu 6 ng g 6 c OHM cho ta: 

OH 2 + HM 3 = OM 2 (I) 

£>do Itfi, neu c 6 h^-thirc (|) thl 
g6c OHM = 90°, OH J_ HM vA M nAm trong P. 

Dau-ki?n Ht c6 vd da dt cho M o trtn hloh du 1A OM = R. H$- 
thu-c (I) thAnh ra : d 2 -f HM 2 = R 2 

HM 2 = R 2 - d 2 

— V <M diiu-kl^n R > d, ta c 6 HM = Vr* — d 2 = hing-sfi. 

Qu?-t(ch cua M 1A v 6 ng tr 6 ng tSm H, bin-kinh 1A Vr* — d 2 , 
d\rng trong P. 

— N£u R = d thl HM = 0, v 6 ng tr 6 n rut l^i 1& m$t dllm H. Ta 
n 6 i ring mjt phing P vA hlnh cau (S) tiip-xiic v61 nhau t?i H. 

— Neu R < d thl khdng thi tinh dir 17 c HM, nghia 1A P vA (S) 
khong c 6 diim nAo chung. Ta n 6 i ring m$t phing & ngoii hinh cau. 

— N«u d = 0 thl H & O vA HM = V R 2 _ d 2 = Vr 2 — 0 = R. 
V 6 ng tircmg-giao cua P vA S 1A m$t v 6 ng tAm O, bdn-klnh R. Ta gpi 
v 6 ng ay 1A mQt vdng lirn cua hinh cau ; v 6 ng Ay 16-n hern nhirng v 6 ng 
tiremg-giao khl mA mjt phing P khdng di qua O, gpl 1A vdng nhi. 


19 . 9. V|-TRl Ti 061 CUA mOt mAt phAng vA mQt hinh cAu. 

S\r khao-sit 6* trSn cho chung ta 
klt-lu$n ring : C6 ba vj-trl tl-dtii giira 
/ \ mft m$t phdng vd mQt h\nh efiu: 

/ \ — ho$c chung cdt nhau thco m$t 

/I _ jpj v6ng tr6n. 

/ \^y) O-—/ — hojc chung ttfp-xdc v<H nhau 

/ ^—/ t*i m$t dilm. 

— ho$c m$t phing 6* ngodi hinh 

Hinh 156 ckxi. 

19.10. v|.TRf itodi cOa MOt oird-NG thAnc vA m<>t hinh cAu. 

Col hinh au (O, R) vA dirirng thing D. M$t phing (O, D) dt hinh 
cJu theo m^t v6ng 16n (V). Khio-sit vj-trl tl-d6i cua hinh cau (O) vA 
dirimg D rtit 41 1A sv khao-sit vj-trl tl-d6i cua v6ng (V) vA dirirng D. 
D cd thl khdng dt, tiip-xuc, hay dt (V) t?l hal dlim. 
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ffUMKTMifiilh' ni rili 


t '.>■ 


ft • t # > • ^ • * * V f -• * • * • # 1 mS , ^ ' Tf T - 

/ % - • ‘ ’ % r ' ' </ # . ; /V. 

^ Khi mot dtrang thing clt mdt hinh clu thi chi clt dtrac tai hai 

diem lam cung. N6i khac di, ba diSm a tren m6t hinh cau khong khi nlo 
thang hang diro-c. 

’ /»_ '«>*', s(%“-: * •. V." 

v 

4. VONG TRON VE TR£n HiNH CAU. 

19-11. OJNH-Ltf. 

v6n g Q tr6n ba th6i! m **" hl " h ** * Ch * C<5 thS Vg 

. . T t dS ^ ba diSm A ’ B ’ C mot hinh cau khbng thS thing 
hang. Vay chung dinh dirac mot mat phlng. Mat phlng d6 clt hinh cau 

^ eorn^t vong tr6n (V), (V) chinh la v6ng U6n d$c-nhlt di qua ba diSm 

. £ a ■ £ 

19. 12. Hf.LU^N. 

Mem “ Sra ■* l '‘"“ ■*« <« * 

-« m4 * itah “ -** 

19. 13. OINH.LY. 

Qua hai diSm khong doi-tlm cilia mot hinh clu tn 
du-o-e m6t vong 16-n chi m&t thdl. ‘ ’ ta C<S th<? v « 

Thft the, hai diem kh6ng doi-tam A, B vl tlm O cua hinh 0 $ .«• . 

M » “ <* <** <*■ <h» »« «6„ eto 

19. 14. H|.LU£n. _. 

Hal vdng 16-n ciia m6t hinh c&u clt ^ 


nhau tai hai difcm dfii-tam. 

That the, hai mat phlng chtra hai v6ng 
lctn II hai mlt kinh. Hai mat kinh d6 cat 
nhau theo m6t dtrong thing' di qua tlm. 
Vay giao-diem cua hai vdng Ian II hai dau 

cua m6t du-ang kinh. N6i khac di, chune 
la hai diem doi-tlm. 
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is». r>. eye c£ia mQt v 6 nc trQn ve tr£n m<>t hInh cAu. 

Coi tnQt v 6 ng tr 6 n (V) v2 trfcn mQt hlnh diu. True cua v 6 ng tr 6 n 
d6 eh hlnh eSu t$l P, P\ P vX P r gqi IX eye cua v 6 ng (V). 

Tryc PP’ dl qua tAm H cua v 6 ng (V), vX qua tXm O cua hlnh cau. 

KhoAng cAch tir mQt dlfcm M lfiCy trAn m$t v6ng trdn v6 trAn 
mM hlnh eltu 16*1 m6t eye 1A m$t clonn kh6ng cl2$l. 

Th$t v$y, P nXm trfcn tryc cua (V) nfcn P 
0 Xch dfcu mpl difcm cua (V). 

Khoang cAch PM gpl IX bAn-kinh eye. 

Mil dlfcm M 6 * trfcn (C) c 6 hal bAn-kinh 
eye IX PM vX P’M. 

19. 16. f>|NH4.V. 

TA't cA nhirng dlfcm cun mQt hlnh cAu mA 
khoAng cAch td*l m$t dlfem P lA'y trXn hlnh 
eftu 1A hAng-s6 dfcu n&m trAn m6t vdng tr6n. 

Gyi P' IX dlfcm d 6 l-tlm cua P. Gii-str ta c 6 
m$t difcm M nXm trfcn hlnh diu th 6 a cho difcu- 
ki$n PM = hXng-s 6 < PP’ (tu*c 2R). CAc tam-giAc vudng g 6 c nhir PMP’ 
bXng nhau cA (PP f chung, PM khdng dfci). 

f Jgm 

VJy cic chliu cao MH cua chting diu c 6 chfln chung lit H vi dil 
bing nhau. Quy-tich cua M li v 6 ng trim (V) tJm H, dyng trong m?t 
phing thing g 6 c v<M PP’ t?i H. 

C» u iiAl. Cho OP = R i OH = i. HSy tlnh PM vi P’ 


5. CACH B|NH MOT HlNH CAU. 

19. 17. hInh cAu QUA HAI Dll:M. 

, I 

D|NH LY. Quy-tich tAm nhCtag hlnh eltu dl qua hal difcm A» B 
1 trung-tryc cfi« doyn AB. 






















Muon cho O 14 tam mot hinh cau qua A, B thi ta phii co va chi 
00 ■ °A = OB. Nhu- the, O each deu 

A, B. Vfy quy-tich cua O 14 mat trung- 
tru*c cua doan AB. 

Hai diem A, B khong in djnh to m6t P 

hinh cau, vi qua A, B c6 vd-so hinh cau. 






19. 18. HINH CAU QUA BA OIEM KHONG 
THANG HANG. 


D|NH-LY. Quy-tieh t4m nhu-ng hinh 
c4u di qua ba di<5m A, B, C khong thing 
h^ng la trtic cua vong tron qua A, B, c; 8 


Hinh 159 


Muon cho O 14 t4m cua hinh ca„ a ; , „ » 

thing h4ng thi ta phii co va chi cZdnTnJ A ' C ^ 

O each deu A, B, C. Quy-tich cua O 14 t > B ~ 0C ‘ Nhlr 

' cua ° 14 ‘rue cua v6ng tr6n ABC. 

Ba diem kh6ng thing h4ng A, B, C 

A ° khdn S di d inh to mot hinh cau, vi cma 

/A _ _*_ _ 7 A > B > c c6 v6-s3 hinh cau. 


19. 18. HINH CAU QUA b6n OIEM 
KHONG CUNG a TRONG MOT 
MAT PHANG. V 


OjNH-L'T. Qua b8n difcm khdng 
chng o- trong mdt mat phlng, c6 mat 
hinh cdu v& chi m6t thoi. 


^nh 140 hinh elu v4 chi mAt ih6l ’ ' 

Coi ttt-dlfn ABCD. Ta hay tim tlm hinh cau di qua 4 di*m A,B,C,D. 
Goi Oli tlm hinh cau d6. Ta c6 2 

OA = OB = OC = OD. \ 

Vi OD = OB = OC, nen O nam S' \ 

tren true A cua v6ng tr6n ngoai-tiep <P/\ ! , \ 

v&i tam-giac DBC. * N. \ 

Vi OA = OB, nen O nam tren mat / ^ \ 

trung-trirc P cua doan AB. B<~-^-\ D 

Do d6, O la giao-diem cua A vi s' 

P. A v4 P nhlt-dfnh dt nhau vi neu 

khong dt nhau thi P song-song A C 

•- A a p .king.,* v4i 


■ i 4 
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town'll 


--vwang goc voi F) nam trong mat DBC ; tire la bon 

dMm A, B ’ C ’ D ^ tr 6 n m$t m?t phlng, tir-di?n khong c 6 ni 

19. 19. H$-LU&N. 

1. Quambt vong tr 6 n vk m 6 t difcm 6- ngo&l mfit ph 4 ng 
vong d 6 , chi e 6 m 6 t hinh c 4 u doc-nhSt. 

That th£, hly lay ba diem A,B,C» tren vdng tr 6 n. A, B, C va 

diSm D & ngoAi m3t v 6 ng tr 6 n tao nen mot ttr-difn ABCD. Tir-dien d 6 
chi c6 mot hinh cau ngoai-ti£p. 

' V i r 'l tf 

2 . Qua hal vong trdn c4t nhau tai hal dl^m v& khong cung cr 
trin mot mSt phlng, chi e 6 m 6 t hinh eiiu doe-nh&'t. 


cua 


19. 20. 0|NH-LY. 

* ' , ■ v • i • •• • V . . : , . * 

Qua hai vong trdn ti£p-xuc nhau vd khong cung 6* trong m6t 
mdt phlng c6 m6t hinh clu doc-nhd't. 

Hai v 6 ng tr 6 n I vi J d\rng trong hai mdt phang khac nhau vd c 6 
tiep-tuyen Tx chung. Tx Id giao-tuy£n cua hai mat phlng. Nhir thg, 
Tx thing g 6 c v&i hai ban-kinh JT 
vd IT cua hai v 6 ng, tire Id Tx /\ 

thing g 6 c v<H mdt phlng JIT. True / \ 
cua v 6 ng I trisTC-giao v 6 i Tx vi Tx //^\ \ 

d\rng trong mdt phlng v 6 ng I. \ \\ O 

Cung v£y> true cua v 6 ng J tr\rc- \ 

giao v&i Tx. Do d 6 , hai tri,ic ay \\ _ J 

nlm trong m|t phlng JIT. Chung \ T~^X / 

phai dt nhau vl n£u song-song \ / 

thi JIT thing hdng, tril gia-thiet ! \/ x x f 

Hinh cau tdm 0 # bdn-kinh OT 

chua ca hai v 6 ng I, J. Hinh 142 

• :*N s !} . . -V M . 

Chd^ i Ngirdd ta d|nh mdt hinh clu blng i 

—• tdm vd bdn-kinh ela n6. 

— b6n difcm khdng cilng 6* trong m6t mdt phlng 

































roat vdng krbn vh mot clifem frngo&i m&t phSng cfia vdng do. 
hai vdng iron Wng-giao, khong eung 6- trong mitmStph^ng. 
ha ‘ VCnfl ti,on t! ’ 4 P'Xiic, khong eung hr trong mot mat ph£ng. 


6 » sy tu’O'ng-giao cua hai h!nh cau. 


19.81. Ta coi hai vdng trdn O va O’, ban-kinh lan-liro-t la R vi R\ 

tam oo"t*f U Ap 8 1 1**!? * ‘ A ^ B ' A Vk B *»-***« nhauqua dirdng 
tam OO , Noi AB; AB thang g6c vai OO f tai H. g 


Cho hinh ve quay quanh true 00' thi ta du-oc hai hinh cau. BiSm 

V t1£f1 m nf \fht*rr tt i f « / *_- wll 


A gly n6 „ mdt vdng trdn Urn H,'ban-kinh HA ; vdng nTy OO’ 

Va” 06 tr ° ng m| * Phlng thSn « S6c vo-i OO’' tai 2. 


OfNH IY. 




tarn S' change" m6t vdna' tro^^ ^ * kh6 " fl "* m «» d^ng 
fliao da hai hinh Thu ® tr ° nChUn 8' « 99* «* vong tu-o-ng! 


«m Si U te nSSnSe‘hLf t^uc”nhar m ChUn ° tP4 " 


dircrng 


19. 88. VI-TRI Ti-Odl CUA 
HAI HlHH C&U. 


Coi hai vdng trdn O, O’, 

ban-kinh R, R’. 


Cho hinh ve quay quanh 
trge 00’ thi du-pc hai hinh cau. 


Vj-tri ti-d6i cua hai hinh 
cau ciing li vj-tri ti-diii cua hai 
vdng trdn nghia la : 




2 hinh cau c&t nhau . 

2 hinh cau 6* trong nhau . 
2 hinh cau ttfp-xuc trong . 































































































































d = R + R' 
d > R + R' 

d = 0 




2 hlnh cau titp-xtic ngohi. 
2 hlnh cau & ngo&i nhau, 
2 hlnh cau dting-tdm. 


7. mAt TRV vA mAt n6n TIEP-XUC 

V6*I MOT HlNH CAU. 

19. 93. Coi m§t v 6 ng tr 6 n t^m O vh m§t di£m S 6 - ngo&i. K£ ti£p-tuy£n 
SM roi ha MH thSng g 6 c v 6 -i SO. 

Cho hlnh ve quay quanh trpc SO, v 6 ng tr 6 n (O) gSy n£n m$t 

hinh cau (h . 144). Diem M g^y nfin m§t v 6 ng tr 6 n (V), tSm H, true 
la SO. 

^ Du* 6 *ng SM g£y n£n m$t m$t n 6 n tr 6 n xoay, dmh S, dtrfrng 
chuan 1* v 6 ng tr 6 n (V), nura g 6 c dlnh 1* MSO = a. 

Mat n 6 n d 6 gpi U m#t n6n ngoqi-titp v&i hlnh efiu. D 6 & quy-tich 
nhirng ti£p-tuy£n cua hlnh eSu, phdt-xu2t tir S. V 6 ng (V) gpi 1<\ vbng 
tiep-xuc . D 6 \k qu^-tich nhirng tigp-difcm. 


O! <V> 




‘o_ 

(vT 





Hlnh 144 


Hlnh 145 


19. 24. Coi mQt v6ng tim O vi m?t dtrang xy di qua O. Ki dirirag 
thing A song-song xy vi tiip-xtic v61 v6ng O t?i M. 

Cho vi hinh quay quanh tryc xy, v 6 ng tr 6 n (O) giy n«n myt hinh 
cau (h. 145). Diitn M giy n«n m$t v 6 ng tr 6 n (V), tSm O, true li xy, 
Dirdmg A gly ntn m$t m?t try tr 6 n xoay, du-irng chuin li v 6 ng li (V). 


m. 







































































































M|t try <±<5 gpi 14 mgt try ngogi-tiep 
nhtrng tiep-tuyen cua hitih cau, song-sonj 
ti(p-xuc. EM 14 quy-tlch nhirng tigp-diSm. 


Difn-tich ciia cau-dcri bSng tioh-s6 chliSu 
9 tron lo*n cfia hlnh cku mang cSu-do-i d6 i 


4. Tpong n>6t hlnh e&u, tl-s« hal ciiu-d6-t bSng ti-st> chl»u 
19. 96. CHdM CAU. 

/. Khl diim A cua cung sinh 

AB nim tr£n tryc quay A thl cung f A \ f 
AB slnh ra m$t cau-d<H d*c-bl$t chi ( ] f 

c6 tn$t diy : d6 14 hlnh chim cSu. \ fii / l 

D4y cung PA g<?i 14 bdn-klnh ~ B 
eve cua ch6m cau. A gpl 14 dinh cua |A AT 

chom cau, AB’ 14 chitu cao. Hlnh 147 

mM vkn Di fV iC l Ci \ Ch6m CiU bSnfl ttch - sS Ohifcu cao VO-l Ph 

mot vong trdn Ifrn cOa hlnh c&u 


mang ch6m cfcu d6 
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3. Ta chu-y ring trong tam-giac vudng g6c ABC, ta c6: 

AB’ x AC = AB 2 

t “’ c ^ h x 2R — AB 2 

. 

v * cf = 2* R. /i = nAB 2 

u v ?y : distich cua ch6m c&u b&ng diSn-tieh ctia hinh tron ma 
jan-kinh b£ng b£n~kinh eu*c eua chom c&u. 

4 1 Ta p hai nho rang ta khong tinh the-tich cua hinh chom cau vk 
hinh cau-dcri. Hai hinh d6 chi c6 dien-tich thoi. 


19. 27. DI$N TICH HINH CAU. 



Dten-tich cua hinh c&u b&ng btfn I&n difn-tich cia mot yong I6*n 
2. Goi dirong kinh 1 k d = 2R, dien-tich hinh cau lii: 


ci 2 4*R 2 2 \R 2 7 

Tl-s6 difn-tich hai hinh c&u b&ng binh 
phiro*ng cua ti-s6 bdn-kinh. 


19. 28. DI$N'TICH HINH MUI CAU. \ AT* j 7fi J 

1 . Hinh mui c&u Ik ph&n cfia mat c&u 
6* trong kho&ng m6t nhi-difn mi canh la 

m6t dirdrng kinh ciia hinh c&u. /y; n /, 

2. Gpi a (d$) 1 k s6 do cua nh}-difn, di^n-tich cua hinh mui cSu Ik 

* An R 2 v a I 7 T R 2 a I 

















9. THE-TICH HiNH CAU 


19. 89. HINH QU*T CAU. 

1 . Hinh quat cSu la eS-thl? 
gdy pa bo-i m6t hinh quat trdn 
khi no quay xung - quanh mot 
du'O'ng klnh khdng xuySn qua no. 

Hinh quat OAB goi 14 hinh 
qtiQt sink, 

Cau-d 6 i giy b&i cung AB 
ctiu-d&i day cua hinh quat cau. 
Chieu cao h cua cau-AM _ 


cau nhir m§t hinh quat cau trong <16 chieu 


cau mk thl-tfch Ul 


Tl-s6 thfe-tfch cua hal hinh e&u bSng tam-thu-a cia tl 
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19. 31. HiNH VANH CAD. 


f v. . * • ; < ', • . • 




•• 


a/-— Ja \ A 




1 . Hlnh vAnh c&u 1& 
c&-thS gAy h&*i m6t hlnh 
vlfcn-phdn AKB khl n6 quay 
quanh mdt dird*ng klnh 
khdng xuy£n qua nd. 

2 . Th£-tich cua hlnh 
vAnh cau 1A : 


Hlnh 140 




n AB 2 h 


h 1A chifcu cao cua cau-d6*i gAy b&i cung sink AB. 


19. 39. HINH MUI CAU (h 148). 


Thl-tlch li: 


cy _ ± „ R3 _!L_ ( 0 d$) 

3 360 


cn = 


n R 3 a 


270 




Hlnh 151 


19. 39. HiNH cAuPHAN HAI DAY (h. 151). 


1 



/. Hlnh cftu-phAn hal 
d6y 1A phftn cua kh#I c&u 
6* trong kho&ng hal thi$t~ 
didn ph&ng song-song. 


Hlnh 152 


Gpi r, r* 1A bAn-kinh 
hai hlnh tr 6 n thi£t-di$n vA h 
1A chifeu cao (t{rc khoang-cAch 
cua hal m$t cAt song-song); 
th$>tich hlnh cAu-phAn hai 
dAy 1A : 


Of = j n h 3 + y * h (r 2 + r’ 2 ) 




ii*.. 



4*‘.V 


liilltitlUlllhllHIMttlWtoUi 






















3- Trong tru-ang-hop hinh c&u-phdn mot day (A. 152), ta dine 
cong-thtre: 8 


c w= ~ n h 2 (3R - h) 


BAI TAP 


1V< 


•» 

' 1- C ,%^' h(nh eSu ^Sng-tSm O, bin-kinh lan-lu-g-t la R, R' . CSt hai hinh eSu 

khSn gid-i lan^t- Phing c6ch 0 m$t khoin9 *• Ch * n 9- td dign-tich hinh vanh 
an g'dt-hgn bo •/ ha, vdng trdn thiet-dign la mgt hang-sd. § f 

• n. Tinhbin.tlnh hinh cau ngogU.ep cua mgt khdi bon m*f deu, cgnh la a. Jlnh 
bAn.k,nh hinh eSu ngi-tiSp trong kh6i do. 

' 4 r 4^l||8 

I9 ’ 2 ’ kilh f T 9 a C Vu6ng Vi Cin A8C (AB = ' AC = •)■ bay CB lam dudng 
ABC. Tran (T), Ify'r^Zhm' m" ^ "* ^ ^ ^ ** ^ pM " 9 






• T V 

* 


Tinh MB 2 -f Me 2 . 


v 




% 1 % i . . « 

Oinhtam va tinh ban-kmh hinh cau ngo^tiip cua khoi tfr»di§n MABC. 

193 3f° X Mn P h S n S klnh rT of^ ‘“T** ABC •*** trong 

S, OS = x. ' /am °* Tren trvc cua vdn S trdn O, lay mgt diem 




XiSt *' Ch * ng ' 16 '** nh * n ° ** * S cua hinh Ur-dign SABC bing nhau. B .. 
2. Tinh x de mdi goc ndi tren bang 9Qo. 


f 

( 

i -• 'd’S 


C L. 3 : * c j ,ris3 vCra t)m th *y ° <*u hai, coi diem S’ dinh b&i OS' - woo 
^hirng^minh ring nSm diem ARTS C' * - D<yi uc> — — 203, 

mem A, U, C, S, S nSm tren mgt hinh eSu. 

1». 4. Cho mgt hinh non trdn xoav dinh <T 

trdn dsy, ed mgt tam-gik deu n&.tiip ABC. * ' ° *' Vd " g 

^ Tinh x theo R di cho SARC I* j * ~ 

theo R. Trong nhQ-ng cau sau, x co trj~s6 vCra tlm ThSy^ ^ ^ 

2. Djnh mpt efiSm S' tren true cua A?«A - ** , 

dign ba gdc vuong (S' va S d hai ben cua mst oh iT" AD^° * am ’ di * n S ' A BC H tarn - 

dign SABC vi S'ABC. 9 P ” g ABC >- So-sdnh tht-tlch hai t&. 

_ 2 j \ 

3. Khio sit tam-gi6c SAS' 


|VV 
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• • V 

Oinh tarn hlnh du ngopiAidp cua tw*di$n S'ABC. Co thi ndi gi vi hinh du 
ngo$i-tiep cua t&'dipn SABC ? 

19. 5. Cho m$t doan cd-djnh AB — l trong mpt m$t phing P. Ttr A, ke nCra dw&ng 
thing Ax thing gdc v&i P. Tren Ax, lay doan AO = AB = l. 

1. Gqi C la mpt diim cua m$t P thda. cho diiurki$n BAC = 30° vi 
ACB — 90o. rinh thi-tlch khdi OABC. 

2. Trong m$t P, coi mQt dw&ng thing D co thi quay quanh diim c6*djnh 
B. Cpi M la chan dw&ng thing goc ha t& O xudng D. QuyAlch cua M ? 

3. On BM = X. Tlnh theo I va x thiAich cua hlnh thtip OABM . Qjnh M 
di cho thi-tlch do ct/C'dai. 

4. Chwng-minh ring dlnh cua dc hlnh-thip OABM nim tren m$t hlnh du 
cd-djnh. Oinh tarn va tinh bin-kinh cua hlnh du dd. 

.S' ^ V* • • * % ^^^ V* • * "vOlI * 

19. 6. Cho mpt tam-giic diu ABC, cgnh la a. Ke nCra dw&ng thing Az thing gdc 
v&i m$t phing ABC. Tren Az, liy doan AS = x. 

1. Oinh x di cho nhi-dipn (S, BC, A) bing 45°. 

2. Tlnh theo a va x b£n*k1nh cua hlnh cSu ngoaiAidp cua tw-di$n SABC. 

3. Cpi M la diim ddiAam cua A & tren hlnh cSu. Quy tich cua M khi S vach 

nen Az. 

t * ' t ’ s . * 

/• t _ ' ' .v'‘ »' ‘ ‘ * * r j£ ;V 

19. 7. Cho ba nwa dir&ng thing Ox, Oy, Oz thing gdc nhau doi mQt. Tren Ox, 
l§y mQt diim A ; tren Oy, l§y mQt diim B ; tren Oz, ISy m$t diim C. AB 
cd'djnh, C lu'U'dqng tren Oz. 

1. Cp/ hlnh chiducua O xudng m$t phing ABC la H. ChwngAd ring CH 
la mQt dw&ng thing ding chuj trong tam*giic ABC. ChwngAd ring „CH di qua'mQt 
diim cd'djnh va nim trong m$t m$t phing cddjnh. QupAich cua H ? 

2. Ojnh ro tarn S cua hlnh du ngoaiAiep v&i tw*di$n OABC. QupAlch cua S ? 

3. Chfrng-minh ring ba hlnh cSu dw&ng kmh AB, BC, CA cd m$t diim 
chung O. Dung m$t phdp ddi*xwng qua mQt m$t phing di tlm ra m$t diim chung 
th& nhl O' cua ba hlnh du. Qu^Aich cua O' ? 

• • * 

19. 8. Cho ba n&a dw&ng thing Ox, Oy, Oz thing gdc nhau ddi m$t. Gqi A, B, C 
la ba diim l§y UndwQ't tren Ox, Oy, Oz. 

1. Gqi H la hlnh chidu cua O xudng m$t phing ABC. Oinh ro vptrl cua H & 
trong tam»gidc ABC. 

% 

2. Oinh tarn o> cua hlnh du di qua bSn diim A, B , C, D. 

5. Cp/ 0\, 0% Oz la didm d6i*x&ng cua O qua dc c?nh BC, CA, AB, 

Chwng td ring 0\, Ojj, Oz nim tren hlnh du &>, \ 
















































Do d6 


2. Chu*ng-minh r&ng, khi x thay doi thi vong tron (C) nSm trSn 
mot m&t cong co-dinh. Mat cong do la mat nao ? 

3. Tinh theo x vad di£n-tich xung-quanh cua hinh non ngoai 
ti^p vo*i hlnh c&u [hinh n6n dinh S, day <C)]. Tinh x dfc eho dien 
tich do b&ng difn-tich ctia hinh c&u. 


bAi giAi 

1* Cach chpn x. 

Be cho S c 6 the dung dime lam dinh mot hinh n 6 n ngoai-tiep V<M 
hmh cau, ta phai c 6 S o ngoai hinh can, nghia li OS > * tti-c H d > 

ha y x < a 

Hinh n 6 n ngoai-tiep vo-i hinh cau theo m 6 t v 6 ng tr 6 n (C). T 3 m cu 

(C) la H : H li hinh chieu cua m$t diem M 
13y tren (C) xuong OS. S 

Ban klnh cua (C). /j\ 

Tam-giic vuong g 6 c OMS cho ta : / ! \ 

OH . OS = OM 2 A-—*—Os. 


OH = 


OM 2 

OS 


Ap-dyng djnh-ly Pythagore vJo tam- 
giic OMH, ta c6 : " 

HM 2 = OM 2 —. OH 2 
: _ ^ * 4 ^ 


Suy ra 


_ v 2 x J<r , 

~ ^2 = — ^ 2 ) 

, d d 




'• ' ** * » . t • 

^ ' • 








TO AN 


Cho mot doan OS = d« Coi mdthlnh c&u i&m O, ban-kinhx. 

7. Ph£i chon x th£ nao dS cho S co th§ dung diro*c lam dfnh 
mot hinh n6n ngoai-ti£p vo*i hinh e&u ? Trong tpucrng-ho'p c<5 hinh 

ndn do, tinh theo x va d difn-tich ci’ia vong tron (C> chung cho hinh 
efiu v& hinh non. 












Di£n-tlch cua vdng (C) la : 


• • 


n HM 2 = ”* (t)2 ~ * 2) 

d 2 






’• y ; '/i 7 5?S 




2 Vdng (C) a tren m$t hinh cau c6djnh. 

Moi di$m M cua v 6 ng (C) nhin doan co-djnh OS dtroi m§t g 6 c 
vuong. Vi the, v 6 ng (C) nim tren hinh cau co-dinh mi dirdug klnh li OS* 

3. Dien tich xung quanh cua hinh non. 


W| I 


Ijk'i 

t y 




Hinh n 6 n ngoai-tiep voi hinh cau 14 mot hinh n 6 n tr 6 n xoay mi 
dinh 14 S, trung-doan 14 SM, bin-klnh diy 14 HM. 


« * • > . , , , 0 • r 1 ' . . •. f. . y . ,T.t ' 

Difn-tlch xung-quanh cua hinh n 6 n d 6 14 cf = ” . HM . SM. 


The mi 


HM = -- Vd 2 - x 2 

>d 


-m 

1 . M 


SM = y! <p — x 2 (tam-giic SMO) 




cho ntn 


cf 


a JL y/cP - x 2 . Vd 2 - x 2 
d 


Mg m 

Hit * 


cf = 


n x (d 2 - X 2 ) 


- m 


v O') 1*41 


Tinh x dfc cho cf b&ng di?n~tfch cua hinh ciu* 

Di$n-tlch cua hinh cau li 4 *x 2 . 

Ta c 6 phu'cmg-trinh : 

"*(<?-**) = 4n x2 
d 


< • •' i tv S 

* . 

• ■ a# f rJV > r JiAlrSB 




-r ' <i 


' A ■ <■ ”»V* 

• uV . V.' •' 




K 


5* 


• .■ , # 

G$t ra ngoii tri-so x = 0, ta c6n c6: 



( P-x 2 


= 4 x hay d 2 — x 2 = 4 d 2 


' 

*•; *r* •* ’.4, 

, ",;V 


1 ' 


y 




Suy ra 


t ; • . i. 


x 2 + 4d* — d 2 = 0 

A’ = Ad 2 + d 2 = Sif 2 = (dV 5) 2 

% . •• m 

x = — 2 d + d]/5 


. v >' IV'n ' 


. ■ v i. ' ^ 






iSf/iK 



-k*,s : • ■' 




. !» 


nyfvy''f: 
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■ 




riro'C tien* ta coi nghiem-so du'O'ng 


* = - 2 d + cfK5 = dtf 5-2) 
d6 c6 nho hern d khdng. VI j/i5 

= d (Zf- 2) < d. 


Sau, ta x£t xem tri~so 
dinh nho ho*n 1 nen ta c.6 x 

V |y tri-so cua x li d ( 


2 nhat 


Ta c6 doan d. 

Mu6n ve djT'5, ta ve canh huyen cua 
m$t canh 14 2d, mot canh 14 d. 

w 

Dtrp-c df 5 roi, ta b6t di 2d thl c6 a 


mot tam-gidc vuong g6c mi 


1* So~s6nh PM v&l PA. 

3KST * “ du * * “•-*»* * 

PM a itf tiep-tuyen cia hint d„, phlMrf, * p. c ^ 

' • ✓ 1 ' • f t ' ■ '\ .. . « , -V ■ . 

Tirong-tv P ! A’ =. P’M. 
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Hai tam-gi£c dong-dang PMH, PP'A' cho ta : 
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Suy ra 


MK 


P’A’. PM 


xy 


vVtor 




PP’ 


x + y 




Do d6 


MH = MK 


.. i’M K 

■- 


• r I n it Irr 

\ * -.* o3k 

s 


4. Quy-tfch cua difern M. 




‘fWtt 


J^9 

•>i 




M each deu hai m2t phang Q, R (hai mat d6 thing, g6c vo*i nhau vi 
mat no chu*a mdt dirong thing g6c v6i mat kia). Vi th£, M & tr£n mSt 
phan-giac cua nhung nhi-di£n vuong g6c dinh b6i hai mSt phlng Q, R 
(c6 bon m5t ph^n-giic, nhirng chung l&m th&nh hai mSt phlng). 




i ■ 


¥■ 


k- * 

I 


Hon ntra M & trfcn hinh cau dirbng kinh AA\ 




« 

Quy-tich cua M \k hai v6ng lcm, d6 Ik v6ng ttrong-giao cua hinh cau 
voi hai mat phlng n6i tr£n. 
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l. Hai n&a dtr&ng thing Ax,, Ay & tren m$t phing Q dt nhau thanh 60o. 

Tren dir&ng thing gdc v&i Q t 9 i A, l3y AB = a. Tir B, ve Az song-song 
v&t Ay. Tren Ax, ISy AM = x. Tren Bz, lay BP = 2x. 

1. T'mh MP va thi-tich cua khoi ABMP theo a va x. 

2. T'mh x khi gdc cua MP v&i m$t Q la 60°. 

3. Tim quy-tlch cua trung-diim do?n MP khi x thay ddi. 

4. Ch&ng-minh ranej MP song*song v&i mgt m$t phang co-djnh. 


cua 


► ■ v 

Cho mQt tam-giac DBC. Tren dw&ng thing gdc x'Dx v&i m$t DBC, ta ISy 

mgt diim A. Ke hai dw&ng cao DE, BF cua DBC. Ke dw&ng cao BK 
ABC. 


1. Chwng-td — AE la mQt dw&ng cao cua ABC. 

— BF trifc*giao v&i AC. 

— AC thing gdc v&i FK. 


2. Chwng-to NH thing gdc v&i m$t ABC (TV la tn/c-tam cua DBC, H la tn/c- 
tam cua ABC). 


3. T'mh gdc NHC, NKC. Siu diim N, H, E, C, K, F cd & tren mQt hinh 
du khong ? 


3. Cho mQt n&a vdng trdn dw&ng kinh AB = 2R dt/ng trong m$t P. Oo?n 
SA = R thing gdc v&i P. LSy ba day cung AD = DC = CB = R. 


1. Tinh gii'tri cic gdc SDB, SCB. 

2. Tinh thi-tich khdi thip SADCB. 

3. M$t m$t phing song-song v&i (SAB) cit SD, SC, AD, CB & MNPQ theo 
thw-ti/. D$t AP = x, tinh y = MA/ 2 -f- MP 2 + A/Q 2 theo x. Bien-thien cua y theo 
x. Dir&ng bieu-diin. 


N 

4. Cho m$t gdc tam-dipn Oxyz, mdi m$t bSng 60°. Tren Ox, Oy, Oz, ta ISy tin- 
Iwq4 OA = a, OB = b, OC = c. 

1. Tinh ba cgnh cua tam-giic ABC theo a, b, c. 

2. Dm hf-th&c giwa a, b, c di cho BAC la mpt gdc vuong. 

3. Cho biit do 9 n a, tdng-sd b + c = s va BAC = 90°, hay tinh b va c. Bi$n- 
lu$n theo s. Ch&ng-td ring neu ta tinh dupe b va c thi hai sS a va 2a /pi vao trong 
khoing (b, c). 






6. Cho mpt tam-dipn ba g6c vuong OXYZ. LSy ba Mm A, B, C iren OX, OY, 

OZ tbeo thd-ty. Cit.su- OB = 20A. Met dw&ng thing lu-u-dpng trong m?i 
phSng XOY va song-song v&i AB, no c$t OX & M ; cit OY & N. 

1. Tmh OM = x, ON — y, biet rang MN = l (l la mpt dp dai cho sin). 

2. Ch&ng-to ring : tuy m}t pbing CMN lu-u-dpng, nhtrng nd vin ch&a mpt 
dir ting thang co-djnh . 

' ' » *• ^ f J 9 i tit' 9 *' 'V* I. 

5. Tim quy-tich cua trung-diem cic earth, cua trpng-tam tam-giic CMN. 

4. Chu-ng-td ring trung-tuySn phit-xuit tty M cua tam-giic CMN tri/c.giao v&i 
phan-giic trong cua g6c XOY. 


7. Trong mpt m$t phing P, ve vdng O, dir&ng klnh / 

thing goc v&i AB tpi H. D$t BAM = a. Ke Ax t 
do ta lay AS = R. 

• . \ f • • "j 

1. Tinh cic c$nh, distich mdi m$t va thi-tich cua 

2. Muon cho thi-tich hinh thip SMNB gap ba thi 
phii Id bao nhieu ? 

3. Chieu thing diem B xuong m$t SMN thanh I. 
thien ti> 0 din —* 


hinh thip SAMN. 

tich hinh thip SAMN thl a 


8. Cho mpt tam-giic can ABC, AB = AC = 5, BC - 

thing thing g6c v&i m$t tam-giic tpi A, ta liy mpt dih 

1. Tinh h de cho tam-giic DBC la tam-giic vuong g 6c 

2. TCr day ve sau, ta lay h = a^3. Tinh so do cua nhb 

3. Tinh dipn-tich toan-phin va thi-tfeh cua khoi thip At 
tir A t&i m$t DBC. 

• 

• Ngu-d-i ta cit hinh thip bang mpt m$t phSng P thS 

AH eda tam-giic ABC, Thifr-dipn It hinh gi ? Gpi khoin, 
Tinh dipn-tlch da thiit-dipn theo x va a. Tinh x dh cho die. 








= DAC = 90°, AB = 12, 
BC =-9, AD = 16. Mgt dihm M ch 9 y tren do?n AB. D$t AM = x. M$t 
phing thing goc v&i AB t$i M cit AC & N ; DC c P > DB & Q. 

1. Ch&ngAo rang DBC la mgt goc vuong, BC tri/c^giaov&i AD , va MNPQ la 
hinh chir»nh?t. 

2. T'mh dipn'tich S cua chirmhit MNPQ. BiBmthien cua S. Dir&ng biiu-dien. 

5. Tinh x de cho (dt : di$n~tich) : 

dt (AMN) + dt (DPQ) = dt (BMQ) + dt (CNP). 


10. Cho m$t hinh ISngArg d&ng, chieu cao /a h. Oiy la nhirng tarrugitc vuong. 
' goc va can OAB, O'A'B' (OA = OB = a). Cic c?nh ben la AA' BBC OO . 

1. T'mh thh'tich va dignAich toamphan cua khoi do theo a va h. 

2. Ch&ngAo rang 01 trtfC*giao v&i AB' (I la trung^diem cua AB). 

3. H? OJ thing g6c v&i AB'. Ch&ng*to ring m$t phing JOI thing g6c v&i 
AB'• Ch&ng'to ring OIJ la mgt tam*giic vuong g6c. 

4. T'mh cosin cua goc phing cua nhpdftn (B, ABC O). T'mh so do cua nhp 
dign khi a — h. 


11. Cho m$t Joan IJ, trung-Jiim la H, HI - HJ = a. Trong m$t trung.tryc P 
cua Joan IJ, ta ISy mgt Jiim co-Jinh O va J$t OH — 21 


1. Ox la mgt Ju&ng bat-ky, gia-s& rang I va J chiiu thing xudng Ox thanh 
hai Mm trung nhau tgi M. Ch&ng-to ring Ox trgc-giao v&i IJ. Ox nim trong mjt 

phing nao ? 

% - . .vj, »i 

2. Tim quy'tich cua M khi du’&ng Ox thay ddi. 

3. Coi tam-giic deu dinh O ngltiBp trong vdng trdn dir&ng k'mh OH, dt/ng 
trong P. Coi hinh thip dlnh l diy la tam~gi6c deu noi tren. Tinh cic cgnh ve thi* 

tich cua hinh thip do. 

4. Ojnh tarn va tinh bin*k'mh hinh cSu ngogi'tiep v&i hinh thip noi tren. 


12. Cho hai dir&ng thing tri/cgiao D va A- Coi dw&ng thing g6c chung la AB 
(A & tren D ; B & tren AJ- Tren D, c6 mgt dihm lirU'dgng M r tren A/ c6 

mgt diim IwU'dgng N» 

1 Ch&ngdd ring bon m0t cua hinh t&*dign ABMN la nhirng tam~qiic 
vuong goc. 

2. Ojnh tarn hinh ciu <Ji qua bon Mm A, B, M, N. Suy ra quy-tlch cua 
tcuqg.Mm cua Jcgn MN khi M va N liru.Jgng. 

5. Cho biit ring MC = 21 (hing-sd), tim quy.tlch cua trung-Mm cua Jogn MN. 
4 Cho AB = J. AM — BN = n. Tinh the-tich cua tts-dign ABMN theo 

d va n. 

















13. Cho mpt tam-giic vuong goc AOB ma hai c?nh cua goc vuong la OA=3 Vl 
OB = 4. Tren dw&ng thing goc v&i m$t AOB ke tir O, ta lay OC = 4. 

1. Chtrng-to ring t&-di$n OABC co cic c?nh doi trycgiao v&i rlhau. 

2. Jmh thi-tich va dipmtich toamphan cua hinh t&.dipn do. 

_ 3. Tren dopn OC, ta lay mpt diem M va d$t OM = x. M(t phing di cua 

lVZ 9 : S ° n ° > m?t A0B cSt hhh i& - d * n ,he ° h)nh tsm.giic MNP Khio l 
b,ln.th,en cua distich tam-giic MNP khi x t hay doi. Ou-d-ng biiu-diin'. 

14. Cho mpt tam-giic deu ABC, c?nh la 1. Tir tarn O cua vdng nooai.tiin ,• 
am-giic o, ta ke du-&ng thing A thing goc v&i m$t phing ABC. "* 

gi ve LSaBDC? '* ”* **” * ^ °° * ch ° AD = <* nh$n-xet 

Sau nay, ta gii. s Cr AD = 1. 

AmJx, AN! C y%? B Mna ‘rtf” Ml trSncM AC ta ISy m <5' Mm N. D}t 

Y. W phing chwa MN va song-song v&i AD cit CD va BD & P, Q. 

a) Gia-sw x = y = —. Ch&ng.td ring MNPQ U x m pt h)nh vu - ng 

—*«££ mpa “ ***« «... iu * 

_ “i ■'' J ‘ * '«• ~ " «. - to u to „ 

y * _ • 


15. Trong mpt mft phing P, c h 0 mS t A 'Ll , 

thing gdc V&i mtt ABCO. cL^AS = AB * * d °* n 45 

^ ^ AD — 3 # • 

*• ^mh tr i- s5 cua cic goc CDS, CBS, 

2. Ch&ng.td ring nim ditm A, B, D, S P ■ . - 
, T , L , L ' Ur S,C& tren mpt hinh du. 

h khoing cich to- tim hinh Ciu t&i mft P. 

4. Cpi E la mpt diim & tren canh SA 0m cr_ ,, 

5on 9 'S 0 ng v&i P cit SB, SC, SD & E C H ,k , ~ *" Mi >t Phing R di qua E 
&CH. b ' G ' theo th&.tu. Oinh htnh-tinh cia tw- 

5. Coi hinh hpp d&ng ma diy la EFGN is 

dien.tich xung-quanh cua n6 li y = 14x _ J_ \ ° "" Ch&n ^ ring 

2 * 

Tmh x di cho y = — 

2 * 


' i.* - v \ 
-v ~r! 



























16 . 


Trong mpt m$t phing P, ngur&i ta cho m$t vdng tron (C) dir&ng kinh 
AB = 2R. Vi do^n AS thing gdc v&i P. Tren (C), l§y mgt Mm M. D$t 

.45 = hr PM =Z X. 

1. Tinh the-tich V cua hinh thip SAMB theo R, h, x. 

2. Ch&ng-minh ring hai m$t phing SAM, SMB thing goc v&i nhau. 

3. Qua A, ngtrd-i ta vi m$t phing Q thing goc v&i SM. Q dt SM, SB cr 
M', B' theo this-tp. Ch&ng-to ring MB va M'B' song-song v&i nhau. 

17. Cho m$t do$n AB = a dg-ng trong m$t phing P. Ta vi dir&ng thing x Ax 
nim trong P va thing gdc v&i AB ; va vi dir&ng thing y'By thing gdc v&i 
P. Mpt Mm M liru-ddng tren x'x. Mpt Mm N hru-ddng tren y'y. 

1. Ch&ng.to ring bSn m$t cua t&-di?n ABMN la nhirng tam-giic vuong gdc 
va hinh cau dir&ng kinh MN di qua hai Mm co-djnh. 

2. Cho MN = a^2. 

# 

a) Tim h$-thisc gitra hai do$n AM, BN. 

b) Ch&ng-to ring tdng-so binh-phiro-ng dc c?nh cua tis-dipn ABMN la hanged. 

c) Tim quy-tich cua dinh this tir cua hinh binh-hanh ma hai c^nh la MN, MA. 

d) Ch&ng-td ring goc cua hai dir&ng MN, AB khong thay ddi. 

18. Cho hai m$t phing song-song P va P', khoang dch la 3 cm. Trong P, cd mgt 
tam-giic vuong can AOB, c?nh huyen la AB = 4 cm. ChiSu •thing ba diem 

A, O, B xuong P' thanh A', O', B . 

1. M la mpt diim bat-ky tren 0‘B'. Ch&ng-to ring thi-tich V cua hinh thip 
MAOB khong phg-thupc vao vi-tri cua M & tren O'B'. Tinh V. 

2. Ch&ng-to ring AOM la mgt gdc vuong. 

3. Ch&ng-td ring cd mgt hinh ciu di qua siu diim A, O, B, A‘, O', B'. 

Dinh tarn I va tinh bin-kinh R cua hinh cau dd. 

4. M$t phing AA'OO' dt hinh du ndi tren theo m$t vdng (C), tarn C, ban- 
kinh r. Tinh r va do$n 1C. 

19. Cho mqt hinh vuong ABCD c 9 nh la AB = 2l. Vi hinh trdn tarn O n&iMp 
trong hinh vuong dd. Ndi B vi C v&i trung-diim S cua AD. Cho hinh vi 

quay quanh tnjc SO. SO dt BC cs S . 

1. Dinh hinh*tinh cua nh&ng cd thi Cl, C& C 3 , gay b&i hinh vuong, hinh 
trdn va tam-giic SBC theo thir-ti/. •* 

2. Ggi'P la m$t mit phing thing gdc v&i dogn SS' t?i m$t diem I (d$t 
$1 = x ). P dt Cl, C 2 , C 3 theo ba hinh ma ta ggi dign-tich la a, y, z theo this-tp. 

Tinh a, y, z theo I va x. 














3. Tinh x di cho y = z. 

4. Bien-thien cua y khi x bien-thien tCr 0 ddn 2L Qtr&ng biiu-diin. 


20. Cho mfit hmh tv-dipn deu ABCD , c$nh bang a. 

1- T:nh chieu cao, di$n»tich toan-phSn va thi-tich cua hmh do. 


2. Chvng-to rang ta co thi dt tv-di$n bang mpt m$t phing chva CD va 
thing gdc v&i AB t$i mpt diim I. Tinh cic c?nh, di$n-tich cua tam-giic /CD. Tinh 
cosin cua nva goc phing cua nhj-dipn AB. 


3. Tren do?n AB , ta l§y diem M va d$t AM = x. Tinh dc c?nh va distich 
S cua tam-giic MCD. 


4. Khio-sit s<f bien-thien va vS dv&ng bieu-dien cua ham-so y = S 2 . 


21. Trong mpt m$t phang P, cho mpt hinh vuong ABCD, c?nh a, tarn O. Tren 

dir&ng thing goc v&i m$t P & D, ta l§y diim S sao cho SD = a Coi khdi 
t&-di?n SABC. 


1. Chvng-td ring ba trong sd b6n m$t ben cua khdi do la nhvng tam-giic 
vuong gdc. Noi ro hinh-tinh cua m$t thv tv. 


Ch&ngtd ring AB va BS tn/c-giao v&i nhau. 

2. Tinh di$n-tich toan-ph$n va thi-tich cua khdi tv-dipn SABC. 

3. Qua AC, ve m$t phing thing goc v&i BS. M$t do dt BS & I Oinh rn 
Vi.,ri cua I d tren BS. Tinh ,C va IQ . Tinh s6 Jo cue nhUfn ZbS. 

phing, Ate cit khSi tt.Jiin SABC thhnh hai khdi td.Jifn nho. Tinh thi. 


tich cua mdi khdi nhd dd. 


22. Chomgt hinh-thSp SABCD. Oiy Ik mft hinh chd-nhat ABCD, AB = a, 

- *„~ b ' Chan H CUa <fu * ng 030 SH to*nq.#kn cua c 9 nh CD. Cho SH = 2h 

Qua AB, co mpt mft phing Ivu-dfing, mtf <fd t 9 o v&i diy mpt gdc x vi dt SC 
SD o- P, Q. Q ua PQ, vS m $ t m$t phSng song , song v&i cSt SA , SB ^ ^ 

1. Tinh gdc cua mft SAB va m$t diy, sai kern 1<>, 

2p =s' + M ^ PQ ^ ^ ? Ti " h Clm ' Vi 2P C ° 3 MNPQ ,heo *• Tinh x Jt cho 


3. Tinh dipn-tich Si cua MNPQ theo x. Tinh x di cho Si = — 


4. Tinh didn-tich S 2 cua ABPQ theo x. Tinh S 2 khi x = 50<> va khi x = 45<>, 


23 . 


Cho m$t nva vdng-trdn gi&i-h 9 n b&i dv&ng kinh AB = 2R V* 
tuytn AC. BD. Mdt tiSp-tuyen th* ba CD t,o bd-i AB m{it gjc'btng a. 

































































1. Ch&ng*minh ring AC -f OB = DC vb CA • BD = /?2. J7„A 4C vi BD 

thco R vb «. Bidu'thi AC vi BD thco tg—. 

2 

2. Cho hlnh vb quay quanh tryc AB, ABDC tgo nSn m$t hlnh ndn cyt. Tinh 
t lib-tic h V cun >hlnh dd thco t = tg f *. Khio-sit sy biBn-thibn cuo V khi a they ddi 

(0 < « ). Ojnh a db cho V — 10 nR*. 

3» Cq’i S' li dipn-tich xung-quanh vi S li di$n4ich toan-phin cuo hlnh ndn 

* 


cyt ndi trin. Tinh ti-sd y 


thco m = cos 2 ca„ BiSn-thiin cuo y khi a thay 


ddi (() <C a <C -r-j. Tinh a di cho y = —. 

-c 73 

24. Cho m$t nCra vdng dwfrng kinh AB = 2R. Trin dwfrng kinh dd k6o dii vi 
phla B, ity mdt diim S rdi k6 ST/ tHp-x6c vd , i nCra vdngtji T. D$t BST = X. 

1, Cho dogn ST vi cung TA quay trdn quanh AB. Tinh tdcg-sS nhtrng di$n* 
tich sinh ra thco R vi x. 

2. Djnh x db tdng-sd ndi trin bbng mJiR 2 (m li mQt sd dw&ng cho sin)* 
Bi$n*lubn thco m. 


Ap-dyng bSng sS : m = w r“ • 

2 


AH 


3. Hi TH thing gdc v&i AB. Tinh tl-sd y = theo x. Bibu-thi y theo 

AS 

sin x — u. 

7t 

Coi y. li mQt him-sd cua u vi cho x biin-thiin tir 0 din —. Biin * thiin 

2 

cua y. Ovd’ng bibu-dibn. 

* 1 4 

• t • »* * 

25. Cho tom-glic vudng gdc ABC, AB = c, BC = a (c?nh huy&n), CA = b. 
Khi quay quanh CA, nd t^o nin m$t hlnh ndn. 

1. Tim tim I vi tinh b6n*kinh r cua hlnh du nQi-tUp trong hlnh ndn, vi tiSp, 
x6c vfri d6y cua hlnh ndn. 

2. Vdng tiip-xdc cua hlnh du vi hlnh ndn chia hlnh du lim hai du-d&i. Tinh 

tbit di$n-tich hoi du*dbi dd theo a vi c, rdi theo tg — (AB& = B). 

2 

5* Cgi P li m$t mjt di qua BC. Hlnh ndn bl P dt theo mdt tam-giic BCB 

Oft BB' = 2x (O < x < c) vi BCB ' = 2u. Gifra u vi x cd liin-quon gl khdng ? 
Hlnh du bl P dt theo mdt vdng trdn tim I', bin-kinh r. Tinh r theo x hay theo u 
(col a, b, c nhu- li a6 biSt sin rdi). Tinh theo x hay theo tg u tl-sd di£n-tich vdng I ' 
vi tom*gi6c BCB'. Ap-dyng b = 12, c = 5, x = 5,64cm. 












BAI TOAN ON 

Cho mot vong Iron O, dird-ng kfnh AB =r 2R. G 91 AC 13 
cung, AC nghi£ng v&i AB mot goe b&ng 30°. Tigp-tuY&i 
tron k£ tir C c£t du*d*ng AB keo d&i tai D. Cho hinh vg , 

xung-quanh AB, vong tron sinh ra mot hinh c&u v& tam 
sinh ra m 6 t cd'~th& (S). 

/. Tfnh difn~'tfch cua (S) theo R. 

2 • Tp ^ n do ?n AB, ta la'y .mot difcm M. 

. Mat phing thing g 6 c vo*I AB tai M cit hinh eiu vk (S 
v-ing tron (C,) vk (C>) theo thir-tu-. Bat AM = Rx. Tfnh 


Ve dircrng bigu-diin sir blfe'n-thiin 
Y khi M liru-dong tir A dfe'n B. 

Bfnh x d$ cho v = ,mi2. « 


m (m mot doan cho) 


Tru*d*ng-ho*p m2 


y 1 = :>uu ta suy ra BOC 

VI OCD= 90° cho nen ODC 

Nhir the, ACD la tam-giac 
can, true doi-xtrng 1& CH* 

- •» 1. i •. 'frii'" •>'-* *-* *. • .• f % * 

Khi tam-giac ACD quay 
quanh trge AB, n6 sinh ra m$t 
c«-the (S) gom c6 hai hinh n6n A 
tr6n xoay, dinh liAvJD, ban- 
kinh cua diy chung li CH, trung- 

do?n cua «$t hinh blng CA. Di? n -ti 
xung-quanh ciia hinh n6n tr6n xoay i 

X = 2n. CH. AC = R 





























cua 


Drang thing g6c v<W AB ki tir M cat AC tai I, v4 cat nu-a v6ng 
tr6n tal J. B4n-kfnh cua hai v6ng (Ci), (C 2 ) 14 MJ, MI. 

V ,■ 

Difn-tlch cua vdng (Ci) 14 : 

cfi = " MJ 2 = irMA . MB = nR* (2R _ Rx) 
cf, = * R 2 x (2 - x) 

Di£n-tich cua v6ng (C 2 ) 1&: • 


Trong tru'O'ng-hqyp n&y cfj > cf 2 


Gpi M t h vj-trf cua M trong tririmg-hpp nay. Dtr6ng thing cua 
v6i AB kl tir M t cat CD o' l u vk cat ntra v6ng & J t . Bin-kfnh cua 
hai v6ng (C t ) v* (C 2 ) 1* vi Mjl,. 

Difn-tich cua v6ng (Ci) vln 14 : 

cfj = " R 2 x (2 - x) 










Trong tru'6'ng-ho'p nky cf 2 > cfi 

Ta suy ra: 

* „ *R 2 ^ 


3* Oirorng bi£u-di&n cua h^m-so 


Him-s6 y tri£t-tieu khi x = 0 
a 3 

' ix = ~J ' y °in a m$t c\rc-d^i 
_ 3 t.<. 3«R2 


Dirirng bihi-diln Ik 


^v^-ueu kw x = _ . Dtrbmg 

2 

bQu-diln Ik cung parabol P 2 . 

« 

r * > •] 

.< 1 ,( 7 . V . f 1 • \ m \ A 

nglda li khi x bHEn-thign t{r 0 difn 
» 3«R* . a 

























- 


4. Cach djnh x cho y = n m 2 . 

... ' * ’ * ’ 1 ~ • ¥ J t ‘ 

Ta cat dirbrng bieu-dien bang dtro’ng thang nam ngang m& phtrong- 
trinh la y — n m 2 . Ho^nh-do giao-diem, n£u c6, l«i tri-so cua x m& ta. 
phai tlm. 

Nha do-thi, ta dir<yc cac th&nh-tich m£ ta ghi ngay 6* b£n canh 
hlnh ve. 


Khi y = n m 2 = — *R 2 thl ta thay dtrorng thang dlt dtromg bibu- 

,\2 

dien tai ba diem, ho&nh-d$ cua diem thu* ba x'" = 2* Bb tinh hai 
ho&nh-d$ kia, ta gi£i phu-orng-trinh : A 

2 « R 2 . . n R 2 

































Cho mdt goc tam~di<§n Oxyz, mol m&t 14 00 o. Tr6n Ox 
ta l&'y di&m A, B, C theo thir-tir, v& d&t OA = a, OB 


7. Tinh ba canh cua tam-giac ABC. 

2. Tim h6~thirc giira a, b, c d& cho tam-gldc ABC vudng gdc 
tr A. 

5. Cho bi&t a v& tc$ng-s5 b -f c = s, hSy tinh b v& c, bi£n- 
ludn theo s. So-sanh b v4 c vo*i a v4 2a. 

4. Gi4-su* OA = OB = OC = a. Tinh khodng c6ch tir O to*i mfit 
ABC thfc-tich cua khb'i OABC v4 tinh b4n-kinh cia hinh c&u di aua 
b6n di&m O, A, B, C. M 


bAi giai 

% 

1. Cac canh cua tam-giac ABC 

Trong tam-giac AOB, ta bigt hai canh OA 


8. Hfthu-C giira a, b, c (chi BAC = 
mu-kiln it c6 vh a di cho -tam-gi 

BC 2 = AB 2 + AC 2 

t&c - 6 2 + c 2 - be = a 2 + b i 

bay 2a 2 - a (b + c) + be 
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C6ch tinh b vk c. 


Ta da bict 


b -f c = s 


H^-thtrc 6* tren cho ta : 

be = a (6 + c) — 2a 2 — as — 2a 2 = a (s — 2a) 

V\ b vk c li so do cua hai doan, nin b . c > 0, ta phai dk t ngay 
di£u-ki£n s > 2a, 

B^i toan rut hi h tlm hai so b vk c bict tong-s6 b -f c = s vk 
tich-s6 be — a (s — 2 a). 

b \k c la nhtrng nghifm-so, n2u c6, cua phtrong-trinh sau nky : 

f(x) = x 2 — sx + a (s — 2a) = 0 (1) 

Vi^c bi^n-luln gom c6 : vi£c xit str kha htru nghi$m-s6 vk vi$c 
lay nhu-ng nghifm-so dirong (6 vk c dtro'ng). 


Ta c6 


A = s 2 — 4a (s — 2a) = s 2 — 4as + 8a 2 
A = (s 2 — 4a 2 + 4a 2 ) + 4a 2 = (s — 2a) 2 + 4a 2 


V<H dang-thu-c <16 cua A, ta bi?t ngay A > 0, v$y phtrong-trinh (1) 
c6 hai nghi^m-so x’, x". V6i s > 2a thi (I) c6 hai bi«n-d2u, hai 
nghi^m-so cOing dir crag ca. 

Vi$c *o *anh a v£ 2a v6r| x', x"• 

Ta c6 f (a) = a 2 — as + as — 2d 2 = — a 2 < 0 

V|y x' < a < x” 


Ta 41 c6 : 


/ (2a) = 4a 2 — 2a$ + as — 2a 2 
= 2a 2 — as = a (2a _ 5) 

VI 5 > 2a ntn f (2a) < 0, do d6 : 

x* < 2a < x” 

T6m lai x’ < a < 2a < x” 










Ta suy ra hoac U b < a < 2a < c 
hoac la c < a < 2a < c 

4» Tu^di$n deu OABC. 

Khi OA = OB = OC — a, ba tam- 
giac OAB, OBC, OCA la ba tam-giac 
deu, canh li a. Tam-giac ABC cung h 
tam-giac deu, c?nh & a. 

Nhtr v|y, khoi OABC la m$t tu*- 
di§n deu. 

O each deu ba diem A, B, C n£n O 
nam trSn true HO cua v6ng ngoai-ti£p 
cua tam-giac deu ABC, H chinh 1^ trong- 
tlm tryc-tam cua ABC, Ta c6 : 


AB = a, AI = 


AH = 

2 


AI = 


Tam-giac vuong g6c AOH cho ta: 

nu2 r\ a 2 a tt 2 •> 


Hinh 158 

aV 3 
3 


OH 2 = OA 2 - AH 2 = a 2 __ ££ = 

9 

OH = «/? 

3 


D6 & khoang cich ttr O den m2t ABC. 
Thc-tich cua hinh thap OABC h : 

Q) = — CBh = JL r «V3 a*/6 

3 3-4 3~ 


aV_2 

2 


A R ri * o T hinh “ U di qua b6n O, A, B, C. „ cich d*u 

nSmlel A t ^ ^ V60g ABC * - <** A, O nin „ 

nSm tr8n du*ng trung-tryc cua doan OA, ve trong mit ohW AOH 

<* OH W « ££ 

oj = O*. 

OH OA 


















rwirwn»*^ 




/ ■ 4 ■ ■ h . ■' 

•• • A jt ■ 

4 * • ,>* £f; 


v • . *.■ vY - • 

: -.v" ' 


I6< 


Do d6 : 


nm _ °J.OA _T 

' OH a /6 

3 

' 0« — - 3 ° - = 3a) / 6~ 
2/6 12 


a/6 

~4~ 


Chu-y. So-sanh OH = °^ 6 v * 0“ = 


a/6. 


ti thay: 


Oco 

OH 


toAn 

* * 

r 

Coi hal mfit phing song-song P vi Q. M6t du-crng thing L thing 

goe vo-i P tai H < vo-i Q tal K. Trong P, ta vS mot ciu-crng thing X dl 

qua H. Trong Q, ta v6 mot du-crng thing Y di qua K | Y khong song- 
song vo*i X. 

Trfin X, ta l&'y hai difcm A, B, HA = HB = a. 

Trfin Y, ta lfiy hai di£m C, D, KC = KD = b. 

• » A • « , * .' *» f * • v % • + 

G?! 0 ^ mot difcm trfin L, ta djnh chlfcu cho L tflr H d&i K, Bfit 
HK = h > 0 vfi HO = x. 

1. Tfnh OA, OB, OC, OD theo a, b, h, x. 

2. Bjnh x d£ cho O Ifi tfim cAa hlnh c&u di qua 4 difcm A, B, C,B. 

Tftm d6 c6 th£ la H,.ffi K, hay lfi trung-difcm cAa HK khdng? 

* • ’ / * 

3. Gifi sir a = b vfi X, Y trirc-giao v6*i nhau. So-$finh btfn mfit 
cAa khtfi tir-difin ABCD. Tfnh difin-tfch xung quanh vfi thS-tfeh cAa 
khol do theo a vfi h. 

bAi giAi 

• • - • 1 

1* Trj-so cua OA/ OB/ OC, OD* 

. * . 

• . 

Bi£m O nlm tr6n trung-tryc L cua doan AB n$n OA = OB* 












































9 H| 











* 
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.yk 

-V, 


Suy ra h 2 + b 2 — a 2 = h 2 
Muon the, ta pLl! lay a = 6. 




■v ..'p ' . 


J . • •. 


3. Khao-sat cac m$t cua tir-di?n ABCD. 

Khi a = b thi HA == HB = KC = KD, HK la true doi-xtrng cua 
ttjr-difn ABCD. Ta suy ra CA = BD, DA = CB. 








AB thing g6c vo-i KH vi trtre-giao voi CD nen AB thing gdc 
vai mat HCD. MSt HCD II mat trung-trtre cua doan AB. N6 II m§t 
mat doi-xtrng cua tur-dien ABCD. Ta suy ra CA = CB vl DA = DB. 

T6m lai, ta c6 CA = CB = DA = DB. 

Nhir vly, bon mlt cua khoi ABCD II nhu-ng tam-giac cln : 

CAB (dinh C), DAB (dinh D), ACD (dinh A),. BCD (dinh B). 

Hon nira, AB = CD theo gia-thiet, nen ta n6i them- dtre^c ring 
bon tam-giac can n<$i tren blng nhau ca. 






I 




Difn-tich cua kh6i ABCD* 


VI bon m|t bang nhau nin ta tinh di^n-tich mdt mat, thi-du nhtr 
ADC. Day cua ACD 1& CD = 2a. Chicu cao 1& AK. Dung tam-giac 
vuong g6c AKH thl c6: 

AK 2 = AH 2 + HK 2 = h 2 + a 2 
AK = Yh 2 + a 2 


; M&fr 




Sr 


Vly 


dt (ACD) = -1 CD . AK = a Yh 2 + a 2 

2 


-mm 


Difcn-tich to&n-phan cf cua kh6i ABCD \k : 


cf = 



5 ; *-*3 51 

. '--*7 


K- ,«• 'IS 


mm 


- I • % 


Th&tfch cua kh$i ABCD. 


Ta tlnh thfc-tich cua kh6i AHCD roi nhan ddi, sc dirpc thc-tlch 02 


m ■■■ 


cua kh6i ABCD. 






•-,i- ..y s\ 


KhSi thlp AHCD c6 chieu cao 11 AH = <z vi diy II HCD. 




V I ’ \r ■ 


•i -.i'.'.tV 


s* ? 




• • •> * I'. : 

. 


. 


: W&& 


su k \2 


-- Lj - £ ..j. . ^ 




















C V (AHCD) = _ AH . dt (HCD) 


Do d6 (ABCD) = 


a \ 


HK . CD 


= — a ♦ h . 2a 


6 

2a 2 h 

3 


a 2 h 


TO A N 

Cho mot nfra vong tron dird-ng kfnh AOB = 2R. K& ba da 
cung hgn-tilsp AD, DC, CB, moi cung bing 60®. Ki doan AS 
thfing g6c vddmSt piling a cCia vong tron, 

1» Tilth s 6 do edc g6c SDB . SCB, 

2. B|»h «. vi bin-klnh ei. htab «H„ d , 5 d „ m s , JDCB 
SJD 3 ' B| " h "* «*• « •»« n« bj, „„ phloo 

SADCB Z bTbh WaTZZ* z, z, r 

tu-). Tlnh Y = MN2 + NP2 . pQ2 .. . M ’ “*» “» CB theo thu> 

O Z x / r /KLi — *• BiSn-thlAn cua v khj 

° - X ^ R (kh6 "0 eAn v * lu-^g bifeu-di5n). 

. . ^ _ 

bAi ciAi 

*'■' *•' ^ ** ■ - - . 3, it **■■■'$ 

1. S8 do CUB hai goc SDB, SCB. K | 

SA thing g<5c voi mat n, theo eia-thiet C a ,» 

AD, yi SA trtrc-giao vdi DB, CB. % ^’ SA A3ng g6c V<W ^ 

*• .' V , - */ • 


Hal g6c ADB, ACB ndi-tien . 

^ noi-tiep trong nu-a v6ng dtrane klnh AR , 

ADB = ACB = 90o g h AB ' 1 


canh 


• -*** , , • % * 

DB thing g6c vM AD, trirc-el ao „ 

thtir ba cua tam-giic SAD ' nen thSng g6c v<W SD 
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Nhir the thl 


SDB = 90o. 


Tu-o'ng-ty, ta c6 SCB = 9Qo. 


2. Hinh cau qua 
A, D, C, B. 


nSm cfi«?m 


Nam diem n 6i tren khong cung d 
trong mdt m&t phang. 

Ba diem A, D, C cung nhin doan 
SB dtrdi m§t g6c vu6ng (SAB = SDB 

= SCD == 90°) nen ba diJm dd cung 
o tren hinh cau (2) mil dirdng kinh la 
SB, tlm li trung-diem cua SB. 

Tam-gidc vuong g6c SAB cho ta : 



SB 2 = SA 2 + AB 2 = R 2 + 4R 2 = 5R 2 
SB = R Yi 


Ban-kfnh cua hinh cau (2) & 


R^5 


Ta nen fch£n-x£t ring v6ng O vi dilm S (6* ngoii mat n cua v6ng 
O) du djnh ro hinh cau. 


3* Thi£t di?n cua hinh c^u< 

Mat phang SAD c6 ba difcm S, A, D 6* tr£n hinh cau ( 2 ), viy n6 cat 
hinh cau d6 theo v6ng trdn qua ba diSm S, A, D. ThS mi tam-giac 
SAD li tam-gidc vuong cin, dinh li A. VI th£, v6ng tr6n SAD c6 dtrorng 

kinh lit SD = SAV2 =RV2. 

4. Thi£t difn MNPQ. 

Gpi (T) li m§t m£t phang song-song vo*i mat SAB. (T) cat hinh thip 
SADCB theo hinh ttr-giic MNPQ. Ta biet rang n2u m6t mat phang cSt 
hal m$t phSng song-song thl hai giao-tuyen song-song v6*i nhau. 














; vJ2* 

-■ ■ 


.... , Mng " song v<w AB > ««n song-song v<H mat SAB v4 mSt 

M ‘, l ^ Chlra DC v ® clt CD *60 dtrcmg NP cho nen NP song- 

ThLTm? f MQ) ' Tam - gi4C DMN * 6 »g-<4ng voi tam-giac DAS. 
vlfI A M/ir; glaC VU6ng (dinh A >' DM " «*■« tam-giac 


vu6ng can (dinh M). 


Ta suy ra MN = MD = AD - AM = R _ * 
Hai tam-giac dong-dang SNP, SDC cho ta: 


U 


NP _ SN / AM _ jc \ 

DC SD [- XD ~ R j 


AM 

AD 






WtU 


WjfcTr 

* Vi- ■ 


Do d6 


NP = DC *- = R x = 


Hai tam-giac dong-dang CPQ, CSB cho ta : 


DM 

DA 


R — x ' 
R i 


Dod6 


PQ = SB 


R —x 


= R^5 


> R—x 


= (R —x) Vs 


- 1 ' + r '• - ' * * I . - ... * • ^ • v , 

y = MN 2 -f NP 2 4 - PQ 2 

= (R - x) 2 + *2 + 5 ( R _ x )2 

= 6 (R—x) 2 + x 2 
y = 7X 2 — 12Rx + 6R 2 




* ^ niot h^m-so bsc hsi cua y (t ^ f f 

0 d€n R. dSy te M <*<> X bifo-thi«n tvr 


■jm 

•< . 




Dao-him Ik : 


mi- 

f*v. v .*• 




= I4x- I2R = 14 (* _ 6R } 


trift-Mu khi x = *5. Lfic d6 v- 

7 


7 

6R 2 


*vv--' 


5®- 






V • , , 




jaw®. 


























































m, m 







’ j 1 
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Bdng bi$n-thi#n: 


6R a \ 


6R 

7 

0 

6R 7 

~T 


Khi x bi£n-thi£n tir 0 din ^, thl y nghjch-biln tu* 6R 2 din-^5- 

7 7 


Khl x 


——, y qua mQt cvrotilu mi trl-s6 1 & 

7 7 


Khi x biln-thiln tir din R thl y dfcng-biln tir — din R a . 

7 7 

(Nlu phii vl dtr&ng bilu-diln thl ta c6 m$t cung parabol). 


to An 

Cho m$t hlnh thAp SAMB, SA thing g6c v&i AMB. Tam-gfAc 
AMB vu6ng g6c tal M, Ha AH thing g6c v6*l SM ; vA AK thing g6c 

vfri SB. 

1 . Tfnh s6 do cilia nh|-dl$n (A, SM, B). 

i 

2. Tim mQt g6c phing c&a nhj-dl^n (M, SB, A). 

3. Chri*ng-t6 ring nftm difem A, M, B, H, K 6* tr6n m$t hlnh cltu. 

4* Tim vdng tiro*ng-glao c&a hal hlnh cAu dirirng kfnh SA vA 
dirfrng kfnh AB. ' 

5. DAt BAM = a, A Kit = b. 

SB 

Chirng~t6 ring tga • tgb = —• GlA-siHr trong hlnh thAp SAMB, 

A, B, S c#-d|nh, M liru-d$ng trong m$t P thing g6c v&i SA t?l A vA 
^ SB 

AMB = 0Oo f Dftt - m k \ tfnh a dfe cho a = b hoAc dfe cho a wm 2b. 

S A 

,bAi ciAi 

1* S6 do cAe nh|-dl$n (A, SM, BJ. 

SA thing g6c v&i mjt ABM nln SA tryc-giao v&i MB. 
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MB thing g6c v&i AM (theo S 

gia-thiet) va trtrc-giao v&i SA, nen 
MB thing g6c v&i mat phlng SAM. \\ v 

\ - SH 

The ma mat SMB chtra MB, V'y'N._ ' r 

nen mat SMB thing g6c voi mat / /'JVh n. 7 
SAM (mat thu* nhat chtra dirang 

MB thing g6c v&i mat thu* nhi). / / 

N6i khac di, nhj-difn (A, SM, ^--- > 

B) li nhj-di|n vuong g<5c. Hlnh 162 

Tir diem A, neu ta ha AH thing g6c v&i SM thi AH thing g6c 

V<M mat SMB. Do d6, AH thing g6c voi HB, HK vi tryc-giao voi SB. 

-1 

2. G6c phang cua nhj.difn (M, SB, A). ' p§ i|| 

Nhj-dien (M, SB, A) c6 hai m?t II SBA vi SBM. • 1 

Ta da biet KA nam trong mat thti nhat vi thing g6c v6i canh SB 
cua nhi-difn. Ta hay x6t xem KH c6 thing g6c v6i canh SB khdng. 

SB thing g6c v6i AK vi tryc-giao v6i AH n«n SB thing gdc v<H 

T4-t-iiv a t/tt 


4. Vong tiromg-giao cua hai hlnh c£u 
Ba diem A, H, K o* ttin hlnh cau (I 

NgoM ra, H, JK nhin doan AS dtrta 
hlnh cau (e 2 ) dtrfrng kinh AS. 
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:rj hmh cau ( 2 i), (Z 2 ) c6 ba diem chung A, H, K nen chung c6 
mot v6ng tr6n chung. D6 Ik v6ng qua ba diem A, H, K. V6ng nky c6 
duomg kinh la AK vk nlm trong mSt phang thang g6c vo*i SB tai K. 


5. H^lhu-c giCra tg a vk tg b. 

Trong hai tam-gidc vu6ng g6c AHK vk AMB, ta c6: 


tg b = 


AH 

HK 


tz a = 


MB 

AM 


Suy ra 


ta „ tah AH MB 

tg a. tg b . = - x - 

HK AM 


Nhirng nhcr hai tam-giic vu6ng g6c dong-dang SAH, SMA, ta c6 : 

AH __ SH 
AM ~ SA~ 


Vi nhcr hai tam-giic vuong g6c dong-dang SHK, SBM, ta c6: 

MB _ SB 
HK ~SH 


Nhir the thi: 

tg a., tg b 


AH ^ MB _ AH MB 
HK X AM _ AM X HK 
SH SB_ SB_ ft 
SAT X SH ~ SA ~ 


Cach tmh a khi a = b. 

Khi a = b thl h£-thtrc tg a . tg b = k tro• th&nh tg 2 a ,= k. 

a \k m$t g6c nh<?n, tg a phai dtromg, ta \ky tg a = V k . B&i toan c6 
m§t nghi?m-s6. 

|*Ta nhin-x^t rSng k = ?? > 1. V|y tg a = > 1 tuc \k a > JL j 

C4ch tfnh a khi a = fib* 


' Khi a 2b thi h$-thtrc tg a . tg b = k trd* th£nh tg b .tg 2b = k. 







The m4 


tg 2b = 


1 -tfb 


nen ta co 


2 tg 2 ^ 

2 tg 2 6 
(* + 2) tg 2 6 


tg 2 6 = 


A' — k tg 2 b 
k (ta biet trir6*c A > 1) 
A 

A + 2 


Do d6: 


tg 2 6 


-y 


b 14 g6c nhon, a cung 14 g6c nhon. The m4 b = 


tire tg b < 1. 


Ta biet chac-chan rang-< 1 

A +2^ 


Vi th2 trj-so tg b 


=/ 


v k + 2 

Biet 6 thi ta suy ra gAc a, boi vi a = 2b. 


thlch-ho-p vcri bill toan. 


to An 

Cho mAt hlnh cilu tAm 0, bAn-kinh R. Goi AB 1A mAt dird-ng 
klnh. TrAn OA, iSy mdt dtHm H. OH = h < R. Bu-cmg thAng gAc v<M 
AB kA tir H oAt hlnh oAu 6- C vA D. Qua CD, eA mAt mAt phAng 

lu-u-dAng Qj. MAt phAng Q t vA mAt phAng ABCD lAm thAnh mAt nh|- 
dlAn mA sS do iA a <0 < a < 90o>, 

1. Qj cAt hinh eSu theo mAt vAng trAn (St). Tinh bAn-kinh Rt 

0 _ <Sl) theo R ’ h vft “• Q 2 IA mAt phAng chu-a CD vA thAng 
goc v<H Qf Q a eat hinh cAu theo vAng tpAn (Sj). Tinh bAn-kinh R, 
cua (S 2 ) theo R, h \k a. 


(NAn cSt hinh eSu bAng mAt phAng chtra AB vA thAng gde vfrl 
mAt phAng ABCD). ' . 
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,* t8n 0- s6 dl«n-ttch da « 

hSng-»6, khl h kh6ng dill vi a they d<5J Tfnh „ 

dWn-tich cua <S,> vi (S,) cyc-dal. 

J. h vi a thay d«SI, khl nio thl tlch-aS hal d 
(S 2 > lo-n nhftt ? Tr|-sS cu-c-dal d6 li bao nhliu ? 


BAl ClAl 

1. Ran kfnh cua (Si) vji (S 2 ). 

Kh ‘ u ch hinh vi hal mil phang Q„ Q 2 bing m|t phlng chita 
AB vi thing g6c v«M mit ABCD thl v£t da hlnh cau, cua O, vi O, 

tren mat d6 II : ' 

— Mot v6ngtr6n 16*n dirdug kfnh AOB = 2R (h. 163). 

— M$t dirfrng thing PQ ; trtn d6, doan PQ II dirfrng kfnh ctia 

v6ng (Si)« 

— ^ng MN; trSn d6, doan MN II diro-ng kfnh cua 

v&ng (S 2 ). 

Birang CHD thing g6c v6*i m|t tfr gily, v£t cua du'd'ng d6 II 
difcm H. 


P 



Hlnh 163 Hlnh 164 

G6c OHP 11 g6c phlng cua nh|-di$n nhpn h<?p b&i hai m|t ABCD 
vl Q,. Vly OHP = a. 

G6c NHP II g6c phlng cua nh}-di$n vudng g6c (Q t ; Q 2 ); vl th£, 

NHQ = 90° vl OHN = 90° - «. 

H$ OJ thing g6c v<M PQ, vl 01 thing g6c v6*i MN. 

Bln-kfnh cua v6ng (Si) vl (S 2 ) lan-ltrpt II JP vl IN. 




_ i 
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ft* 

:• . 


i'lfc? ■ «*• 


fc:* 


ft.f; 


« $ 
Wj 




o k - •• i 


V‘ ' '• I 

V» «,y>< 






« 


Hai tam-giac vu6ng g6c OJH, CHI dio ta j 

OJ = OH sin <x A sin a 
01 = OH cos * = A cos a 


Suy ra: 


JP 2 = OP 2 - OJ 2 = R 2 — A 2 sin 2 a 
IN 2 = OH 2 - OI 2 = R 2 - A 2 cos 2 a 


V* 


JP = /r 2 — h 2 COS 2 a 
IN = f r R 2 — h 2 COS^ a 




fi» T8ng-s6 di?ivtfch cua (Si) vd (82)* 

Difn-tich cua (Si) vk (S 2 ) la : 

| cfi = * (R 2 — A 2 sin 2 a) 

cP= n (R2 _ A 2 COS 2 a) 

Suy ra : 

cii + cf 2 = n (2R 2 — A 2 sin 2 a — A 2 cos 2 a) 

= « [2R 2 — A 2 (sin 2 a 4 - cos 2 a)] 

* = « (2R 2 - A 2 ) 

Tong-s6 d6 khdng phy-thufc v&o a. 

% 

Tich-s6 hai di$n-tich n6i tr£n la c f\ X Cf 2 

Tong-s6 c/i -J- cf 2 & hang-s5, n£n tich-s6 c\rc-d$i khi mA 

eft = cf 2 

tire 1* * (R 2 - A 2 sin 2 a) = * (R 2 __ h 2 ^ a) 

R 2 — A 2 sin 2 a = R 2 __ a 2 cos 2 a 


sin 2 a = 


COS 2 a 


a 14 g6c nhpn, sin v4 cosin dfcu dtrang ; do d6, ta 13y c4n dtro'C 
nhir sau : v 


sin a = cos a 


c sin a . . 

Suy ra :-= I hay tg o = | v 4 a = 450 

cos a ^ D * 
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3. Tich-s6 difntich cua (Si) v& (Srf. 

Ta da c6 cfj = >r (R* _ h 2 ^2 a) 

^2 = n (R 2 — h 2 cos 2 a) 

Do d6: 

Cfi . Cf 2 = * 2 [(R2 _ A 2 <^2 a) (R2 _ ^2 <^2 o) ] 

71 [R -}- R 2 (sin 2 a -f- 00s 2 a) -f- ft 4 sin 2 a cos 2 a] 
= n 2 [R 4 — A 2 R 2 -|- h 4 sin 2 a COS 2 a] 

= n2 [R 4 — A 2 (R 2 — h 2 sin 2 a cos 2 a)] 

Ta biSt ring h < R, sin a < 1, cos a < | ntn: 

R 2 — h 2 sin 2 a cos a > 0 
Do d6 h 2 (R 2 — h 2 sin 2 a cos 2 a) > 0 

Muon cho cf! x cf 2 circ-dai, ta phai thu xep cho: 

R 4 — (R 2 — h 2 sin 2 a cos 2 g) c\rc-dai 

\ H.j ' J 

Muon the, ta lay h = 0 * 

Luc d6 efi. cf 2 = * 2 R 4 . 

• • - " .y 

Hai m|t phlng Q, vi Qj deu qua O; (S,) vi (Sj) luc nio cung la 
hai ydng lan bat-chat a & bao nhi£u. 
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Bai so 8 : 


Bai so 9 : 
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Bai so 10 : 


Bai sS 11: 


Bai s6 12 : 


Bai s6 15 : 


Bai s6 14 : 


Bai sS 15 : 


Bai s5 16 : 


Bai sc 5 17 


Ourcrng thing vl m$t phlng thing goc 

— Bai t$p (ttr 8.1. din 8.5.) 

— Toin (1) 

a 

Oogn thang g6c vl do§n xien 

— Bai t$p (ttr 9.1. den 9. 9.) 

— Toin (1) 

G6c nhjdi^n 

— Bai t$p (ttr 10.1. den 10. 4.) 

— To6n (1) 

Mat phlng thang g6c 

— Bai t$p (ttr 11. 1. din It 5.) 

— Toin ( 1) 
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— Join (11 

Goc cua mgt dircrng thing vl mgt m$t phi 

— Bai t$p (ttr 15.1. den 15. 4.) 

— To6n (1) 
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Phlp doi-xirng 

— Bii t$p (ttr 14.1. din 14. 5.) 

— To6n (2) 

Hinh l^ng try 

— Bai t$p(tir 15.1. din 15.5.) 

— Toin 0) 
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Hinh h$p 

— Bai t$p (ttr 16.1. din 16. 9.) 

— Toin (1) 

1 

Hfnh thap 

— Bai t$p ttr 17.1. din 17.4.) 





















Hinh try v* hinh n6n 

1. Dinh.nghla 

2. Di fetich xung.quanh 

5 . TheAich 

— Bai tip (& 18- ^ n ^J 

- Join (2) 

Hinh cau 

1. Ojnh'Pghia 

2. TiSp'tuySn — M$t phSng tiep'xuc 

3 . Si/ tircrng.giao cua mpt hinh cSu va mpt m$t phSng 

4. Vdng trdn vS tren hinh d&u 

5. C&ch d\nh mpt hinh cSu 

r 

6. Si/ tircrng'giao cua hai hinh cSu 

\ 

7 . M$t try va m$t ndn tiSp.xuc vfri m$t hinh cSu 

8. Di$n'tich hinh cSu 

9 . ThS'tich hinh cSu . ■ 4 

— Bai tip (tir 79 . 1. den 19. 8.) 

- Toin (2) 

• Bai tip on 

• Bai toSn on (6) 
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-ANG XUAT - BAN 


- BO TOAN , TRUNG - HQC 
vo tU - TAI A, B > ' 

cua NGUYEN VAN PHU 

e 4 • * * 

NGUYEN TA 


G1ANG NGOC HUY 
NGUYEN NGOC LITU 


• VlML ■ t 

■ v ’ * “• 








— BO LY - HOA TRUNG - HOC 
vd TU - TAI A. I 

cua T^VCNG BlNH MG O’ 

BINH CONG H04T \i 

rO M4U LAM 
NGUYEN. NGOC LAM 

vu qu6c 6ai 

— BQ VAN - VAT TRUNG - HOC 
vo TU - TAI A, B 

cua NGO BINH HOAN 
LE BUY NGHIEP 
NGUYEN LAP THOA 
PH4M VAN QUY 
THAN VAN HOANH 

— BO CONG - DAN TRUNG - H<?C 
vo TU - TAI A, B, C, D 

cua PH4M TAN HOA 
BUI TRUONG CHU’CTNG 

— BO SU - - »|A TRUNG - HOC 
vd TU • TAI A, B, C, D 

cua BO QUANG CHINH 
TpU’O’NG NGOC PHU 

% 

— BO VAN - PHAM ANH - NG(j 

c-ia HOANG CHAU 
NGUYEN HOU QU'-’£n 





















































